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ABSTRACT 

Mathematics and the use of mathematical thinking 
should be much more than what has been traditional school arithmetic. 
Much of the mathematical reasoning can be developed and experienced 
out of school, particularly in the home. This material is a teacher's 
guide designed to help parents support what is done with their 
children in class. End-of-the-year assessment material is presented. 
A total of 31 activities on the following concepts and skills are 
included: (1) ratio? (2) using operations? (3) problem solving? (4) 
measurement? (5) fractions? (6) decimals? (7) computations? (8) 
geometry? (9) word problem? (10) logic? (11) scientific notations? 
(12) use of calculators? (13) use of LOGO? and (14) probability 
(YP) 



* Reproductions supplied by EDRS are the best that can be made 

* from the original document. 



n M.fW cn«n«e3 f«vfi e*fin 'o tnipf ove 
f«|ifijduction Aua<«** 

Of Rt poa^Kw ot potfcv 



• PERMISSION TO REPRODUCE THIS 
MATERIAL IN MICROFICHE ONLY 
HAS BEEN GRANTED BY 

A. Dean Hendrickson 



TO THE EDUCATIONAL RESOURCES 
INFORMATION CENTER (ERlC)." 



Li^ilLFi^l 



IMS MATSSAL WAS OE VELOI>B) WIH 1HE HUW OF NAmNAL SaBKTE 

fomMmm wmmm- grant 4Moi) nssmm 



BEST COPY AVMUME 



TABLE OF CONTENTS 



introduction 
Basic Facts Review 
Thinking 
Guess My Rule 
Ratio and Proportion 

Arithmetic Problem Solving at Level Five 
Problem Solving: Checking Up 
Some Problems for Group Solving and Discussion 
Problems to Solve as a Grmjp Effort 
Problems to Determine Operations to Use 
Problems to Use - hissing information 
Problems to Use - Using Appror^riate Data 

Verbal Addition and Subtraction Problems: Some Dificulties end Some 
Solutions 

Verbal Multiplication and Division Problems: Some Difficulties and Some 

Solutions 
Graphs 
Measurement 
Fractions 
Decimals 

Computation in Base Ten: Background Information 

General Review of Computation 

Geometry 

Volume: Geoblocks 
Relationship 

Open Sentences: Concrete 
Logic 

Problems involving honey 
Exponents and Scientific Notation 
Using LOGO 
Using the Calculator 

Some Calculator Exploratios for Students 
Using Data 
Taking a Chance 



^ 3 



LEVEL FIVE 



INTRODUCTION: 

At this level most students will be capable of what Piaget described as concrete 
thinlcing operations - reversibility of thought, use of compensating processes, relating 
of symbols to their referents, and the discrimination of linear, area, volume, and 
weight factors. 

Also at thi!s level basic ideas developed K-4 will be reviewed through application 
of them. New topics, or topics having increased emphasis include: 

the integration of fraction ideas and place value in 

wodc with (tecimals 
..completing open sentence^ 

use of exponential and scientific notation 

closure on multiplication and division 

graphing of two step operations 

extension of ratio to direct proportions 

areas and volumes of non-standard shapes 

problem solving that involves: 

-extraneous data 

-missing data 

-multiple answer problems 

-use of logic 

-use of fractions and decimals 

calculator activities 

introduction of recursion in LOGO 

Lessons are arranged by topics. Topics should be mastered before moving to 
another. However, you must make deliberate attempts to relate new materials to 
previously mastered material. 

Work with calculators at this level should occupy more time than paper and 
pencil computation activities. 

Repeat lessons as needed. Repeat or alter examples given to meet special needs. 
A case in point might be using decimals or fractions in sample problems that use whole 
numbers. 

Most lessons given ONE explanatory example. Most lessons will require you usa 
more than the one before seat work is assigned. 

At this level, number sentences to model real situations or verbally described 
situations is necessery. Just as necessary is translating number sentences into real 
end verbally described situations. 



v^tle 6fi^8i$ IS cm rmt«^ or mli «wceiit« it is o ^hmi to 
oodmllcally Oulld In ^tfvf ty ttmt miews oil omcopts ami skills 
previously learned. Once each week Is a good schedule for elementary 
school. This dm he ikm orally in tN phniory grades and with a written 
exercise eftM* s|phol1c r^resentotlons have been mastered. Since all 
operations arise fnm comhining, separating, comparing and part whole 
relations, as sotm as the i^ratlm ^hols are umlerstiNMl^ ttese operations 
stould ell he presented et the same time in the written review exercises. 

It Is easier to do this at the beginning levels with orally presented review 
activities. 

it Is axiomatic for good teaching that past learnings should ALWAYS be 
Integrated Into new learning activities. 



Several commercial products are av&llable to supplement the lessons provided. 
These include, by topic: 

Calculator 

KEVSTROKES SERIES 

Fractions 

FRACTION BARS WORKBOOKS I & II 
EVERYTHING'S COMING UP FRACTIONS 

TANGRAMATH 

g^pmetry 

GEOBLOCKS AND GEOJACKETS 
GEOBOARD ACTIVITY SHEETS 
DOT PAPER GEOMETRY 

Logic 

ATTRIBUTE GAMES AKD PROBLEMS 
ATTRIBUTE ACROBATICS 
DISCOVERING LOGIC 
ADVENTURES WITH LOGIC 
PLAYING WITH LOGIC 

(Cuisenaire) 
LOGIC IN EASY STEPS 
MINDBENDERS 

(Midwest Publications) 

Problem Solving 

PROBLEM SOLVING EXPERIENCES IN MATHEMATICS 

(Addison Wesley) 
PROBLEM SOLVING IN MATHEMATICS - Lane County 

(Dote Seymour) 
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ASSESSMENTS TASKS (Level Five) 



Give the student the following table of values and ask hsnf^/her 
to 1) find the equation to find 0 for any given \, and 2) graph the 
relationship on the graph paper supplied. 



1 


0 




8 




2 


3 


11 


1 


5 


5 


17 


4 


14 



L_J — UJ — I — L-J — I — L- UJ I 

"For every 4 horses the circus has 3 large cats. The circus has 
16 horses. How many large cats perform for the circus?" 

Give the student 5 problenrts, - one requiring addition, one 
subtraction, one multiplication, one division and one requiring 
two of these four operations. (A sheet is attached for this and 
Task 4.) 

Give the student a problem without some piece of information needed 
to find the answer. 

Select an object in the room that is a uniform geometric shape. 
Hava the student find the area of the largest face and the volume 
0^ "^e box, using a ruler to measure the dimensions. 

Give the accompanying Fraction Test 



GEOMETRY: Show the student 3 different solid shapes - a cylinder, a 
triangular prism and a rectangular prism. The leetter two cen be Geoblorks. 

Ask the student to: 

1. name each face 

2. find the largest face 

3. tell you how to find the area of each face 
4 tell you how to find the volume in general 
(area of base x height) 

OPEN SENTENCES. A test Is supplied. 

LOGIC: Show the student the following array of attribute blocks: 



A . ® 




"Point 


to 


the pieces 


that are RED 


AND SQUARE." 


"Point 


to 


the pieces 


that are RED 


OR SQUARE." 


"Point 


to 


the pieces 


that are NOT 


RED." 


"Point 


to 


the pieces 


that are NOT 


SQUARE." 


"Point 


to 


the pieces 


that are NOT 


(RED OR SQUARE) " 



Remove th. cards. 



Give me an if-then sentence that is true about the pieces you see." 
Remove a piece so that your sentence no longer will be true." 
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EXPONENTS 
L060 

CALCUATOR; Give the students the eccompanying short test 
USING DATA; Give the students the accompanying problem. 
TAKING A CHANCE; 

"If I have 4 red mart)1es and 5 green marbles in a bag, mix it wen and reach 
in end take a marble without looking, what is the probability of getting a 
red marble?" 

"If I get a red marble and keep it, reach in the bag as before and take a 
second marble, what is the probability that it is red?' 

"What is the probability of getting 2 red marbles in a row?" 



ERLC 
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LEVEL FIVE ASSESSMENT RECORD 
Mathematician: 



LEVEL OF MASTERY 





Date; 


Date: 


Date: 


TOPIC 


Progress 
Made 


Mastery 
Attained 


Progress 
Msde 


Masiery 
Attdi 


Progress 
Ma<f*i 


Mastery 
Attai ned 


Finding Linear 
Relationships 














Ratio and 












. — ~— — , 


Proportion 




























Using 














Using Operations 














«idition 














subtr«;ttof! 














iTiultl plication 














division 














Mixed Operations 














Problems 














Fi nding Answer 












— — 


Recognizing Missing 
Data Needed 














Using Strategies 














Guess & Check 














Draving Diagrams 














Making Tables 














Graphing 
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LEVEL FIVE ASSESSMENT RECORD Pg. 2 

LEVEL OF MASTERY 





Date; 


Date: 


Date; 


Made 


1 Kl^lci III 

Attained 




riasicry 
Attained 


r rog ress 
Made 


nastery 
Attained 


heasurement 
1 














Lengths 














Areas 














Volunries 




























Fractions 














operations 














using o^ralions 

1 SI If 9 UUIv>«»^ 














Decimals 














operations 














using operations 
in problems 














Computation in 
Base Ten 














paper 8k pencil 














Geometry 














areas 














volumes 














angles 
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LEVEL FIVE ASSESSMENT RECORD Pg. 3 

LEVEL OF MASTERY 





Date. 


Date: 


Date: 


Progress 
Made 


Mastery 

Altai 080 




Mastery 
Altai fWu 


Progress 
Made 


Attai ned 


Open Sentences 














Solving w/one 
oDe ration 












. 


Solving w/t\^ 
operatiOfRf or more 




























Logic 














Applications 




























distance /time 














others 














Exponents 












- -I- -1 . 


Scientific Notation 














Calculator Use 














Using Data 














Using LOGO 














Probability 















LEVEL FIVE ASSESSMENT WORKSHEET 



Mathematician: 



2 



*5 = I3 



2 



* 6 = 4 



*t = "14 



13 



LEVEL FIVE ASSESSMENT WORKSHEET 



flathemat^cien.. 



1 . The roduct of 2^ end 2 3 is 

2 Wrillen in scientific notation, 4357 is 

3. DRAW 

The result of following th*s LOGO program. Put an K where the 
turtle is at the end of the progranri 

TO BOXES 

REPEAT 2 [REPEAT4[FD 40 RT 90] FD 401 
END 



4. Show how the calculator keys should be pushed to do this calculation 
(4.5 X 13)^(284^ 12) 



i 


\ . 


1 

1 
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LEVEL FIVE ASSESSMENT WORKSHEET 



Mathematicien 

Tor the given data set, I (1) Put the data In order; (2) Found the range; 
(3) Found the nnean; (4) Graphed this information on the beam." 

DATA: 

50J5,29,21 J2 



RANGE 



MEAN 



Label the Hi, lo and mean below the beam. 



ERJC 
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FRACTION TEST 



12 3/4^2 2/3 = 



= 15/8+1 1/2*2 3/4 



5/8 of 13 1/2 is 



Bill cut e board 12 ft. long into pieces 
2' 8" long. How many pieces did he get? 
How long W8S the piece left over? 

ft. in. 



no. of pieces pieces left over 
WORK 



= 2 1/2-17/8 



Tammy needs 3 pieces of ribbon 2' 4" long. How 
much ribbon should she ask the clerk for? 




WORK 



FRir 



16 



Mathematician: 



FRACTION TEST 



To make a shelf, Brenda needs 3 

pieces. Two are 1 3/4 ft. long and 
the 3rd is 2 5/8 ft. long. If she 
allows 1/4" for each saw cut, how 
long a piece should she start with? 

ft. in. 




Work: 



Tom needs a piece of lumber 
3 3/4 ft. long. He cuts it from a 
6 ft. board. The saw uses 1/4". 
How long is the piece left? 




Work: 



o 

ERIC 



flathematirian: 



DECIMAL TEST 



2.143 14056 29.041 

* 005 t-7.183 •»• 16.991 



3.000 5.013 19.878 

1.832 -3.829 -9.439 



52.1 x .43= 19.6 X 1.04 = 



19.8-3.41 = 1456 ^ 2.07 



Cashews were priced at 8.72 marks per kilogram Tom asked the clerk for 4 
kilograms. How many marks did he pay? 



8 



From mis menu, Tessle ordered 2 items thai cost less than the $5.00 she 
had. Which 3 could she order? 



Hamburger $2.19 

Fishwich $3.69 

Chicken Sandwich $3.98 

French Fries $1.39 



Bob had 4.41 g. of a chemical in a jar. He carefully weighed out the 2.75 g. 
he needed for an experiment. How many g. of the chemical remained in the 
jar? 



Jane helped her aunt at her whole foods store. She weighed out .60 oz. 
packets of spice from a jar labelled 3 pounds. How many packets could she 
fill? How many ounces were left in the jar when the last packet was 
filled? 
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LEVEL FIVE 



BASIC FACTS REVIEW 



Periodically Dasic fact recall by: 

1. Orel drills 

2. Use of the following kinds of forms: 



♦ w 

X 



«liltl 



II 



Use a different random order of digits each time. 

3. Card games that use numbers 

4. A dice pair with operation specified. Dice should have 
digits 0-5 on several, 6-11 on several. Mix the two kinds 
and specify the operation: 



_8_P 



4 = 3 should 



Multiply 

5 Continue to have the class skip count and count on as a 
group 

6. Stress the relationship between division and multipli- 
cation and between addition and subtraction. The 3 digit 
fact "families" such as: 3.412 3x4=12 4=12 3, 12 
be stressed 

7. Emphasize: 

-multiplication by 0 gives 0 

-division by 0 makes no sense and can't be done 

eackgroMr^d: These activities should be used for dally work for 6 or 7 weeks and then 
occasionally for maintenance the rest of the year. 
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In developing and maintaining maylery of muUiplicalion facts, it is helpful 
to point out the patterns that exist: 



-the products of 2 are always even numbers 
-analyze the patterns in the products of each number nine and 
less 

3 4 

6 no lead digit 6 sequence of even digits 

9 12 repeats 

groupings 12 16 

of 15 20 

3 18 24 

21 28 

24 lead digit 2 32 
27 36 
30 40 

5 end in alternating 6 

to 5-0 12 sequence of even digits 

15 lead digits cluster 18 repeats 

20 by 2 in order 24 order is opposite to 

25 30 "4" order 
30 36 

35 42 

40 48 

45 54 

50 60 



21 



7 

M 

21 every digit used 
28 differences are 
35 33, 7, 33, 9, etc 

42 
49 
56 
63 

70 



8 even digits In reverse 
16 order repeat 
24 lead digit repeats only 
32 if decade number other- 
40 wise in order 
48 
56 
64 
72 
80 



9 this is prettiest 
18 tst digits in order 
27 second digits in reverse 
36 order 

45 line of symmetry 

54 for digit reversal 

63 sum of digits is 

72 always 9 

81 

90 

This only highlights the need to search for patterns everywhere - number 
tables, such as addition and multiplication tables, hundreds chart, etc. 
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THINKING 

Background: These activities should be used for daily wort< for 6 or 7 weeks end then 
occasionelly for meintenence the rest of the year 

LESSON ONE: MilsgSifirll^CgSl 

Chllbren must know where to start in developing a plan of attack of a problem. This 
lesson presents several situations so children have to decide what to do first. 

"You would like to buy a new bicycle." 

"Where should your thinking about this start?" 

List ell suggestions given. Decide as a group on the order of thinking steps in resolving this. 
Some other GS situations to use: 

"Sue wants to go to summer camp with her school friends, 
but her parents think she ip too young." 

'Should children who come to live in the U.S. be taught in 
English in school, or should the school offer classes in 
the children's language?" 

LESSON TWO: Putting Things Together (PTT ) 

Children must learn to organize their information, the steps in some plan of action, or 
the materials in their school kits 

"Why are books organized into sections in the library?" 

One of the advantages of organizing or classifying physical things is in the saving of 
time in finding things. 

"How would you organize your thinking about how to deal 
with the few students in this class who continually 
interrupt the class?" 

"How do you need to organize information obtained in 
connection with buying a bicycle?' 

LESSON THREE: Zeroing In CZI ) 

in considering possible approaches to a decision or facets of a situation, it often 
becomes draining of energy to distribute it over several possibilities at the same time - 
'too many irons in the fire." Children need to realize it is better to focus on ONE thing at e 
time in many situations. In doing in this, it is even more important to recognize WHAT is 
being considered. 

"What is being looked at in the case of each question being asked?" 
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QUESTIONS 

Some people don't care 
because they think they 
won't be caught 

It's fun to see how close 
you can get to breaking a 
rule without doing it 

Working in School 

Some people just don't like 
to take orders 

Some things are more 
interesting than others 

It's easier to soy you 
didn't care to try than it 
is to admit failing 

Teachers 

Some teachers are crabby 

Mrs always says 

"Hello" when she sees me 

tgSSQN FOUR: Drawing Conclusions (DC) 

A lot of good thinking is done for nothing if there is no closure or end point. Children 
should realize conclusions ure needed for discussions, processes, etc. Conclusions can take 
the form of: 



MAJOR TOPICS 

School Rules 



ideas opinions 

answers actions 

solutions images 

judgment values 

Conclusions can be definite or tentative in nature. Once reached, however, they can be 
expressed in a clear way. 

"When a fourth grade class was asked if the school day 
should be shorter, they concluded this was a good idea. 
What about this conclusion?" 
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Const de* In analysts: 

...factors used In arrive at the concluston 

consequences of the action 

data used that supported the conclusions 

Situation: "Quality of cafeteria meals in the school was discussed " 
Conclusion: "Schools waste money on school meals." 
Have this conclusion analyzed 

Situation: "How students get elected to school offices was discussed " 
Conclusion: "School elections ars popularity contests and are unrelated 
to the ability to do the job." 
Analyze this conclusion. 



LESSON FIVE: Where We Are Now (ConsollriRtlnn^ 

Frequently it is desirable to collapse several related poi.its of view or ideas into ore 
or two more general views or ideas that include most of those started with, in group 
efforts, iw^'vidual opinions often must be set aside In favor of a collective, or group, 
consensus. 

"After a discussion on what makes a good teacher, a fifth 
grade class summarized as follows: 

Vou can tell right away. It depends on 

the subject. Good teachers make it 

interesting. Some teachers are boring. 

Good teachers don't have to be nice. 

Sometimes you don't learn anything 

from a nice teacher." 



What is wrong with how this group consolidated its thinking? 

^"B^^PT - _ CONSOLIDATION 

Homework Some parents do the home- 

work. I'd rather watch TV. 
Homework takes time- 
it's easier to copy 
someone else's. 

Cheating Everyone cheats sometimes. 

It's OK if you don't get caught 
Robbing a bank is worse 

^^^^^^ Not everyone tries for A s 

Teachers use grades to pick 
on certain kids. Everyone 
wants to know about grades 
You need good grades to 
get Into college 
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Have students analyze each of these consolidating or sumnrtaiizing statennents. Do they 
clearly reflect the broadest ideas of the discussion? Do they represent an attempt to 
ggneralize? Have different Ideas been put together into a single, brood statement? 

LESSON SIX: What Is It? (Recognition ) 

What enables one to recognize a person, an object? Whet are the dangers of mistaken 
identity? Is recognition a guess? 

Why is recognition and subsequent classification, important? What information about 
something automatically comes when we recognize what it is? 

"We use properties of characteristics to make recognitions Sometimes we can use 
more information before deciding. Sometimes we can make a guess end see if it works. 
Sometimes we can limit the possibilities to just a few." 

Consider these: 

has 4 legs." What possibilities are there? 

" also has horns." Does this help to reduce the possibilities? 

" has short hair." How about now? 

* has short legs." Are you getting closer to seeing what it is? 

"Now what else would you like to know to be sure of what it is?" 

Develop classification activities like this where children can work down through a 
hierarchy to get at finer descriptions and discriminations. 

The VERBAL CLASSIFICATION books from Midwest Publications have activities that 
are a good source of ideas for these. 

LESSON SEVEN: Analusis 

Analysis in Bloom's Taxonomy is one step up from comprehension. It involves 
breaking a whcle into its parts so these can be looked at individually end separately and the 
connections and relationships between these seen. These parts may be real or perceived. 
A bicycle has physical parts - wheels, frame, chain, etc. it also has perceived "features" 
that may be subjectively evaluated - speed, appearance, safety, etc. 

Have the children divide the following into: reel parts (rp) and perceived parts (pp): 
School Home Football Team Boy /Girl Scouts 



LESSON EIGHT: Compering 

Comparison is the basis for orde ing, classifying, evaluating, and several other 
intellectual operations. We use comparison to distinguish things. When the number of 



similarities is high we look for differences. When the nunnber of differences is high, we 
look for likenesses. 

"These seem to he very different. Can you find ways In 
w^^lch any two or more are alike?" 

Watching TV Brushing your teeth 

Combing your hair Cop chasing robbers 

Goif^g to school Riding a bicycle 

Studying science 

This should precipitate good group ilisrussion of what could be some far fetched 
likenesses. 

"Discuss these descriptions of someone who gossips a lot: 
old v/oman 
A walkmg nr wspaper 
A motor moulh." 

"Compare spending money on technology such as a high speed 
Monorail train and on basic scientific research in research 
centers and universities." 

LESSON WIME: Finding Altemativfls 

Some people think of a bottle as half empty, others as half full. A car is used for 
transportation. It is also a way of making o living for a car salesman. 

"Give alternative descriptions or "ses for: 
a chicken a test 

a book a wagon 

a pencil a uniform 

money school." 

"Consider these situations. Suggest 2 alternative ways 
of approaching them: 

A food supplement that is nutritious but tastes bod 
As speeds go up, cars are in more accidents 
Two boys are caught cheating on a test 
Two girls are caught cheating on a test 

LESSON TEW: Making Cholcefi 

In choosing something, a person has a set of conditions or requirements in mind, 
whether consciously or unconsciously. Children should learn to get these out in the open and 
stcte them. 
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"Which of the following is the best means of transportation? 



bicycle 

motorcycle 

all terrain vehicle 

snowmobile 



airplane.' 



car 
bus 
train 



subway 
cable car 
moving sidewalk 



Be sure the requirements that each best satisfied are thoroughly explored. 

"If the school had a big fire end could not be used for 
awhile, what buildings could be used to hold classes?" 

"What are the personal qualities needed to be successful 
at: 

being a teacher 
being a car salesman 
being a newspaper reporter 
being a TV anchor 
being a politician 
being a doctor?" 
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LEVEL FIVE 



Children should have been introduced to this in LEVEL THREE. However, this cannot be 
assumed so it is liest to review the rules of the game and to give some experience with 
simple rules. 

The basic Idea is that of a function nnachine that transforms numbers put in according to a 
fixed rule and generates numbers that come out. The result is a set of ordered pairs of 
numbers of the f orm: 

(in. OUT) 

i 

III 



{mi® to 

iraeisfuri?!) 



OUT- 



An example: 



an 


ROLE 


OWT 


2 


♦ 3 


5 


4 


♦ 3 


7 



LESSON ONE: How to Pleu the Game: 

CHILDREN ARE TO RAISE HAND AND SAY, "I KNOW THE RULE, " WHEN THEV THINK THEY DO. 

1. Children are to input numbers. Call on them one at a time. 

2. For each number, you use a predetermined rule to orally 
give a number back to the class. 

3. Repeat until a child raises his hand to test whether or 
not he/she knows the rule. 

CHILDREN TEST BY SAVING, "IF I GIVE YOU (NUMBER). WILL YOU 
GIVE ME (N UMBER) ?" THEV ARE ML TO BLURT OUT THE RULE! 
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4. !f you reply, "VES", the child is to keep silent and think of 
0 better wey to organize the information. 

5. If 'NO", rennind all that they must always get further 
information If they cannot see the rule with what they 
have. 

6. Periodically, ask those who think they have the rule to 
raise their hands. 

7. Continue until: 

a. most have the rule; or 

b. they seem to be at a stalemate 

6. Ask for tables of data and analyze. EXAMPLE: 

DATA AS GENERATED 



m 


OUT 


2 


6 


5 


9 


1 


5 


3 


7 


to 


14 



Ack for suggestions as to what to do to make seeing patterns of numbers easier. Discuss: 
Encourage students to look for patterns in the OUT numbers after they have put the IN 
numbers in numerical order. 

REORGANIZED DATA 



IN 


OUT 




1 


5 


"How are the 1!. aumtiers 


2 


6 


changing?' 


3 


7 


'How are the OtlT numbers 






changing?' 


5 


9 


'How do you get an OUT number 






for a given IN number?' 


10 


14 


RULE: OUT = IN ♦ 4 



Have the students supply numbers to fill in any missing number pairs in an organized table. 



Review the activity with some simple rules such as "add two", "multiply by three", 
"subtract five," "square it", etc. 

Be sure students put the IN numbers in sequential order each time so that patterns 
are easier to see. 

LESSON THREE 

This Introduces combined operation rules. Some examples are: 
OUT = 3 X IN * 2 

OUT = 2 X IN +5 

OUT = 2 X IN - i 

We ll use 3 X IN ♦ 1 as an example. When students arrange their data, it probably will 
result in a table like this. 

IN OUT 

0 1 

1 4 

2 7 

3 10 

4 13 

Ask the class what patterns they see on the table. Draw out, if need be, the fact the 
OUT numbers are increasing by 3. Write this on the table: 

IN QUI Difference 

0 \ 

1 4 3 

2 7 3 

3 10 3 

4 13 3 

Put a graph paper transparency on the overhead. 

"When the IN value is 0, whet is the OUT value?" Put this ordered pair on the graph. 
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Tlie IN value changes by how much each time?" 

The OUT value changes by how much each time?' 

"The OUT is changing three tiroes as fast." 

Graph the ordenBd pairs and draw the line. Put in the changes and label as 
shown. 




"What is the rule for getting an OUT value for a given IH value?" 
OUT = 3 X IN ♦ 1 or 3 X IH ♦ I = OUT or IN X 3 ♦ 1 = OUT 
"Why is an IN value of 0 important to know?" 

Point out how it tells you where the line crosses the vertical axis. Leave the 
table and graph visible and use the rule: 

2 K IN ♦ 3 = OUT 
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Thfi results of this should be: 

IN OUT Difference 

0 3 



1 5 2 

2 7 2 

3 9 2 

4 n 2 

5 13 2 



"Notice the OUT value for = 0 shows where the line crosses the OUT (vertical) axis?" 
"Point out this pair on the table." 

"Where on the table do you find the number that will be a multiplier of IN in the rule?" 

Give a third rule - 4 x IN 3 and discuss the table and the graph. Show how 2 x IN ♦ 3 and 
4 X IN * 3 are alike (cross the OUT axis in the same place) and different (the graph of the 
latter is a "steeper" line.) Point nut how the OUT values are increasing faster with the 4 as 
a multiplier Pass out the worksheets and monitor the work. 

LESSON FOUR 

This lesson is to emphasize the idea of VARIABLE. Write the following open 
sentence on the board: 



Point to the box. "A number can be put here to make this sentence TRUE 

Until a number is chosen, there are many possible numbers that MIGHT WORK. Write this on 

the board. 



* 3 = 8 
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"Make a table of numbers that could be put in the O 
to make the sentence TRUE. 



and the O 



Allow time and discuss these. "The doesn't always havi to be filled with the same 
number to moke this sentence true like it does in: 



I I ♦3 = 8 

"The number VARIES depending on what is used with it as the O number." 

"When there are several numbers that could be used to make number sentences true, the 
place holder for these numbers is called a VARIABLE. Some examples of variables you havr 
seen are: 



□ o « 



Give examples of each: 

"Variables STAND IN PLACE of specific numbers in sentences. They af-e OPEN until a 
specific number is put in and then become CLOSED." 



OPEN 



♦ 3 = 5 



IS a variable 



CLOSED 8-3 = 5 



VARIABLE tiQS been replaced by 
a specific value 
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FIVE 



Thts lesson is to have students identify DEPFNDENT and iNDEPENDNT variables. It 
also should give them some idea of FREEDOM of choice. "In playing Guess My Rule, who was 
free to choose a number to use - you or me?" 

Emphasize the fact that there Is choice of a number for the IN, but that the rule then 
determines what the OUT HAS TO BE. 

"Here words are used as VARIABLES.' "IN is a variable for which you are free to substitute 
any number.' "OUT is a variable where the number that can be used depends on the 
particular IN number." "We call IN vne INDEPENDENT variable." "We call OUT the DEPENDENT 
variable because its number value can t be found until a number value is given to the IN 
variable." 

"It isn't always clear from just a rule which Is which. Consider 




If 1 give a number to f~J , it is the independent variable. Write: 




Now the value of O , the dependent variable, can be found. If I give a number to 
Q it becomes the independent variable. 




= 2x4+1 



and the value of / f , the dependent variable can be found. The Important thing Is 

which one freedom of choice is assigned to " 
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RATtO AND PROPORTION 

LESSON ONE: Keviewino DIstributivity 

Introduction. Students will have had m introdyction to the distribution of 
multiplicetion over addition and subtraction. This is to review that 
experience. 

On the overhead, put the foUowinq: 
OOOOOO 
OOO OOO 
OOOOOO 

"What are the dimensions of this array?" 

"How can we write the 6 another way?' Do what is suggecled. 

Example 1: 

"6 = 4*2" 

Arrange the chips as: 
O O O O 0 0 
O O O O O O 
O O O O 0 0 

Write: 3 (6) = 3 (4 * 2) = 3 (4) ♦ 3 (2) 

Example 2: 

■6 = 7- r 



A' ^nge the chips as: 


0 0 0 0 O 


0 


0 0 0 0 O 


0 


O 0 0 O 0 i 


0 


to show 3 (7) 
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Then cover the lest column to show 3 ( I) so 



3 (6) = 3 (7 - 0 = 3(7) -3(1) 

Write these and esk the students to teil whet it is enpressed as the sum o 
products: 

4(5*3)= 4(5)*4(3)=20* 12 

5(8*2)= 5 (6) * 5 (2) = 40 * 10 

3(9* I)= 3(9)*3(0=27*3 
6(2*7)= 6 (2) * 6 (7) = 12*42 

Write these 

•Express these as the DIFFERENCE OF two products." 

2(8-3)= 2 (8) -2 (3)= 16-6= 10 

3(9-4)= 3 (9) -3 (4) = 27- 12= 15 

^fl^-5>= 5(i0)-5(3) = 50- 15 = 35 

6(3-1)= 6(3)- 6(1) = 18-6 = 12 

Have students complete the worKsheet in pairs. Have blocks or chips 
available for those who need to model the problems 

LESSON TWn- p ^wipw 

Students will have had an introduction to this usino UNIFIX 
COLORED CHIPS and CUISENAIRE RODS. In these lessons/thi^ will be ' 
developed further to problem solving using ratio and proportion. 

lo VhI: ^a^^ 3 red marbles for every 5 black mertles. If the jar has 
12 red marbles, how many black marbles are there?" 

overtiled^ ^^^^^^ "^^^^^ represent the marbles." Piece these on the 

0 • 
O • 
O • 
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"How many of these collections would we take to have twelve red marbles? 
"OK, since 12-3 = 4." 

Put these on the overhead: 



o # 


o # 


o • 


0 • 


o# 


o # 


o# 


0 • 


o • 


0 • 


om 


0 • 


# 




m 


# 


• 




m 





"How many blac^ mertjies are there?" This is 4 x what number?" 
Write: 4 x (3:5) = 12:20 

Da a second example: There are 2 apples for every 3 oranges. A boy has 6 
apples. How many oranges are in the bag?" 

O • 

O m 



"How many of these collections to get 6 apples?" 

0« O • 0 9 
O # O • O • 



There ere 9 oranges in the tag." Write: 3 (2:3) = 6:9 

Assign the worksheet to pairs of students to work on. Give them several 
chips of two colors to .ise if necessary. 

Ul^m THREE: The Meanlno of PER and Units 

PgpKgrpupdl In mathematics as applied in everyday activity, units are often 
used as the basis. For example, 50t per candy bar, $6.00 per pizza, etc. 
Students should understand this Idea of PER meaning "for each." 

introduction: Use a grocery ad made Into a transparency. A transparency 
master of one is included. Tranf^te each price into a PER statement. The 
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pounds, cans, dozens, etc. involved are, in a way, a measurement resulting in 
a label. Have the students generate as many of the following kinds of 
statements from the ad as possible: 

"peas: 69t per 12 02. can." 

Then take each statement generated tn this way and show how they are 
written as: 

69$/C8n or 6g.| 
can 

The / symbolism or — is used to show the idea of rate or per. 

Ask the students what other rates they can think of. The most likely is 

miles per hour for speed. Write this as miles/hour or ffiiles . 

hour 

Consider the following: "Eight apples are bought at 40t per apple." Rate is 

m. 

apple 

Total is B apples x 40$, = ? 

apple 

Most students will see the result must be money. Whet must happen to the 
apple labels? These are "Cancelled" just like numbers: 

4= 1 9PPles = 1 
4 apples 

Have the students work in pairs on the worksheets provided. 
K^^sm FOUR; M?ing PfR 

Background: One way of applying ratio (or rate) and proportion is to make 
use of the UNITARY RATE, or the amount of a quantity per unit. Then one can 
multiply the unitary rate by any number of those units. 

introduction: Give this problem: 

"Joyce buys a package of 10 audio tapes for $ 1 2.99. Sam buys the same kind 
in a package of 3 for $3.99 Who gets the better buy? Why? 
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"What is the cost of ONE tape for Joyce?" 

"Whet is the cost of ONE tope for Sam?" 

"The UNITARY RATE or cost of ONE allows you to compere; 

Give another problem: 

Tom's father drives the 30 mites to Forest City in 45 minutes. At the same 
speed how far could he drive in one hour?" 

"What quantities are in the rate?" (miles and minutes) 
"How do we show this?" (30 miles ) 

(45 minutes) 

"Whet is the rate in miles in ONE minute?" (2 miles) 

3 

"Now we con multiply these miles in ONE minute by any number of minutes 
to get total miles." 

"How many minutes in one hour?" "We multiply 60 (2/3 miles) = 40 miles - 
is the C' ce Tom s father could travel in (ONE) hour" 

Have pairs of students woric on the problems given. Remind them to find the 
UNITARY RATE first. 

LESSON FIVE: Setting up Proportions 

MCP-d tict iop: In using ratio and proportion to solve problems, students 
should: 

1 6e aware of the unitary rate 

2. Label all numbers with "units" of some kind 

3. Cancel units to see what units the answer is in. 

Completely analyze and discuss the following problem: 

"A store finds one bad egg in every 4 dozen eggs. In a crate of 46 
dozen how many bad eggs should the store expect to *ind?" 

"The given comparison is ( 1 bed eg g)" 

4 dozen eggs 

"What part of this is multiplied to give what is in the problem?" 
"4 dozen is multiplied by what to get 46 dozen?" 



40 



"We multiply the other part Dy 12 as well": ( 1 bed eg g ) 12 = 1 2 bad eg gs 

4 dozen 48 dozen 

Consider a secon.1 problem: °in one minute, Teni drenk 4 02. of soda and 
George drank 6 02. of soda. How much would each drink in 3 minutes?" 

''"eni George 

4 02. X liMfL = 12 02. ^jg^ K 3 mm. = 18 02. 

min. I min. l 

Emphasize the cancelling of the units to see how the units appear in the 
answer. 
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ARITHMETIC PROBLEM SOLVING AT LEVEL FI^'E 



By the end of this experience, children should be able to solve any type of 
the arithmetic operation problenris. 

Consider these factors when working with children wits^ arithmetic problem 
solving: 

Some students may still need some concrete 
materials to represent the thing given orally 
or in written situations 

Students should write number sentences that 
model the conditions of the problem given 

Students should be given opportunities to see 
a variety of problem solving being used 

guessing and checking the guess 

drawing pictures 

making diagrams 

making tables or graphs 

estimating 

writing number sentences to model 

Non-numeric problem solving situations should else be presented tsing 
Pattern Blocks, Tangrams and other right hemisphere related materials * 



*See Arithmetic Teacher 

iiarch, 1986 "Verba? Addition and Subtraction Problems" 
April, 1986 "Verbal ilnltiplication and Division Problems 
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Verbal Addition and 
Subtraction Problems: 
Some Difficulties and 
Some Solutions 

By Chat^ B. Thmnpson am/ A. Dean Hendridcson 



1 

Change PioWe ms 

Frobte«litk 



t ' has two pendls. Jtm gives him thnee 
pencils. How many pesciis does Bill 
have then? 

Change 2 Bia has five pencfls. He gives three to 
How many i^ocfls d«w be have 

left? 

Chai^ 3 ^ has two pencils. Jean ©Ives him smie 
mm. Now he has five. How mmy dkt 
Jem give hcEQ? 

Chai^ 4 ira has five pencSs. He jives sosne lo 
hM. Now be has two. Itow maffAV did he 
give lo Jms? 

Ch^c 5 Bil has some pefttOs. Jean gave Ihsi tm» 

fiase. Now has five. How many «Uki 

he bc^ with? 
C%as^ 6 Mha^ some Miscas. He pive three to 

Jesa. Now he has two. How many did be 

begia with? 



C^ar^tetistKis 



Inciease, mttkl set ami chai^ sdi 
kmmn, <guestion atmiit final set 

Increase, mitial set and clmnge 
set known, questkm about final 
set 

Increase, sdtial set and fit^ set 
bwwn, qmtim abenit chaa^ set 

Decn^fie, initial set aiHl final set 
ksiowfi, qittsttoa aliout d^i^ set 

Ii^^ita^, dai^ set and fbiai set 
kfumit ipiestion abrut mitsl acs 

^^cfta^, chai^ set and &mi set 
known, question abcait isutial set 



Many of the difficulties that chil- 
dren have in solving verbal (story) 
pn4>lem$ invtriving addition ami sub- 
traction arise because of their limited 
uiKterstanding of the arithmetic oper* 
ations that are involved. Thty don't 
know when to use addition or subtiac- 
tion because they lack specific knowl- 
edge regarding the various situations 
that give rise to these operations. Of- 
tent children are tau^t addition only 
as **pi£tting tc^ther'' and subtraction 
only as ''taking away," but many 
(Hh^ settings involve addition mi 
subtraction operations. Children need 
to receive specific instruction in dif- 
ferrat contexts if they are to become 
good solvers of verbal addition and 
subtraction problems. This article de- 
scribes the contexts and then explains 
a successful sequence of activities 
that teach veriml problems. 

Categories of Verbal 
Protileifis 

In elemencary school mathematics* 
three categories of verbal problems 
sufi®^ addition and subtraction oper- 
ations. These categories—Change, 
Combine, and Compare — are de- 
scribed by Nesher (I98I). Various 
types of problem situations exist 



Ch0rks Tfmnpim tffod^s kndergmdmie and 
g radm te caurs&s that focus oh itm^Mr^g ckH^ 
rfren la understand matkemaik:s m the Univer^ 
sUj of Lt^MviUe. LatOsvUk, KY 4m2. A. 
Dean Hendricksm leocAes classes in tnathe- 
ttmifcs and metkods to undergrx^uate and m-* 
^ffvke teachers, firescfH^td^ll, and ^s re- 
search and development tn mathematical 
reasoning and the aci^isitiim of nmskemtaictd 
knowledge in grades JT-M at the University of 
Minnes&uz. Ihdmh, MNS58J2, 



within each category. 

Let's look first at the Chan^ cate- 
gwy. Change px^ms involve in- 
ert^ ^lingc^ibcreasing an initial set to 
create a fin^ set One sample Change 
problem is a familiar ''putting to- 
gether*' situation (% !). 

Bert has two books. On his birthday 
he gets three new books. How 
many IkkAs <toes Bert have then? 

All Change proldems have three quan- 
tities: an initial set, a change set, and 
a final set. In tte pi«*lera given, the 
inUial set is two books, the change set 
is three books, and the fimtl set is 
unknown. The unknown quantity in 
Change preUems can be any one of 
the tliree sets, yfeWing three kinds of 
problems. Furthermore, the change 
can be either an increase or a de- 
crease, thus yielding two ^biems for 
each of the fhrec kinds, for a total of 



SIX types of Change pioblems. These 
problems are described and character- 
ized in table 1. 

The second category of problems is 
called Combine, or pait-part-whole. 
Combine {Hxibtems describe an exist- 
ing, static cimdition involving a set 
and its several com|K>mnt subsets. A 
miyor defence l^ween Chan^ and 
Combine problems is that no action is 
involved in Combme problems. A 
sample {Hxsblem is as fi^ows: 

Consueto has five buttons. Three 
are round and the rest are square. 
How many are square? 

See figure 2. 

A typical Combine problem has 
three related quantities—one subset, 
the other subset, ami the whole set 
These yield only two types of prob- 
lems. In our example, the whole set 
and one subset are kiwwn. In the 
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F^. 1 Chan^ {MCtU^ns ktvoim imifaaiwig ch* ttecmasing an Mtiai set to amo a (bial s&t 




Ftg. 2 "Conine" problen^ de»^be ar eidsting contiitton invotvir^ a set and its severe! component subsets. 




Coimjek}'s Ixittoi^ 
{WrK}te set) 



F^. 3 CkMnpare ptobieins swtiNe a c<»np8ri»>n of tivo ei^ng sets. 




Jem's pencils more than - » BiH's pewrfls 

(Cwi^r^ set) {Difteence set) (Referent s^) 
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Arithmetic Teacher 



(Mher type of problem, both subsets 
are known and the whole set is un- 
known. Table 2 summarizes these 
Comtnne problems. 

Other Combine iHt»blems involve 
more than two subsets ami the wlKtle 
set. These problems ty{»caUy involve 
a two-step process aiid are not dis- 
cussed here. 

The third caie^>ry of problems is 
called Compare. Comi^re fH^lems, 
which involve a comparison of two 
existing sets, are nrobably the most 
ignored type of problem in school 
curricula. Yet many children's expe- 
riences involve comparisons. Here is 
a sample problem: 

Jean has five pencils. She has three 
nHjre pencils than Bill. How many 
pencils does BQl have? 

See figure 3. 

Each Compare problem has three 
expressed quantities — a referent set, a 
compared set, and a difference sKst. 
The referent set is the set to which the 
comparative description refers. In the 
sample problem. Bill's pencib com- 
pose tim referent set, since Jean "has 
three more pencils than BUI." The 
compami set is the set being com- 
pared to tferent set. In the sam- 
ite fHToblem, jtcan's set oi five pencils 
(the compared set) is compared to 
BiU's set (the referent set). The differ- 
ence set is the difference between the 
referent set and the compared set. 

There are six types of Compare 
pnHilems. The unknown quantity can 
be the referent set. the compared set, 
or the difference set. For each of these 
three possibilities, the comparison 
can be stat»i in two ways: (I) be 
(iaiger) compared ^t is more than he 
(smaller) referent set, or (2) the 
(sn»ller) compared set is less than or 
fewer than the (larger) referent set. 
. able 3 summarizes and gives exam- 
ples of the six types oS Compare prob- 
lems. 

Relative Difficulties of 
Verbal Problems 

Examination of the various types of 
prt^ms am! ob^rvations of children 
solving these problems lead to the 
conclusion that some types of prob- 
lems are ttmz difficult to solve than 
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Table 2 


Problem thte 




Characterbitics 


Comtris^ 2 


KII im thiw red pemnils ami two mm 
peiidls. Him nmy pencAs <io^ Bm 

Bin has five pencils. Three are red and 
the rest are greea. How many are 
greea? 


Two subsets are luKiwn, question 
abmit whde set 

Whole set aiMi one s'lbset are 
known, question abom oU^ir sut^* 
set 



Table 3 
Probtotitk 



Sampte fHTObtem 



Ctmracteristtcs 



Compare 1 BUi has two pencil . Jean has 

five* How mmy '"Hm docs Jean 
l^veftan BiB? 

Compart 2 BiQ Ims two pencib* Jean has 
five. How umny fcwo- pmctis 
<kies BUI have ttea Jean? 

Compares. Bfll Ims two emcas. Jean has 

time o^m^ inaa BiU. How many 
pencas does San have? 

Compare 4 lean has five pei^s. BtU has 
three fewer pem^ than Jean. 
How many pencBs does BUi 
have? 

Comiwe 5 Jean im five pescfls. She has 

ttece moie pesK& than Bilt. Him 
many pei^ does BM have? 

Compare 6 Jean has tmo p«»cils. Sbe has 
three fewer pencils timn Bill. 
How many p«dls does BiU 
ha^e? 



Compariscm stated in terms <rf *'mure/' 
refenent set and c«mipared set known* 
qwirsticNi abcmt diSer^ice set 
Omparison stated in terms <rf hss 
(fewfrh v^cmA set and cmni^ied s«t 
known, questitm ^boui diffmnce set 
Comparism stated in terms of more. 
referent set amS dtfeitnce sec known, 
question abmit ccHttpared set 
Ccnnparison stmed in tenns of less 
(fewer), referent set ami diflfcrence set 
kmiwn, questicm about compared set 

Com^scm stated in Xcm% of mare, 
cornered set and deference set known, 
question ab<mt referent set 
Comfmrison tmtd m terms df/^xs 
(fiewerh ctmipaied set and dtffer^M 
set kmiwn, qtM^tkm ^xiut referent set 



Others* In general, it appears that the 
inherent stnicttire of the problem is 
the crucial factor in detennining its 
difficulty. For example, Ccnnbine-l 
problems are stnicturaily straightfor* 
ward (table 2). 

Combine 1. Bill has three red pencils 
and two green ii^ncils. 
How many pencils does 
BiB have all tocher? 

The two subsets are given. Children 
can count those subsets separately. 
Then, they must simply recount the 
entire collecticm of objects to deter- 
mine the solution to the prc^m. Or, 
depending en instruction they have 
received, they mi^t use "all'* or **all 
together*' to transform it to a Change 
problem. 

Combine-2 imi^iems, by compari-* 
scwi, are not strai^tforward. Tt,^ sets 
to be considered are not separate from 
one another 

Combine 2. BOi has five pencils. 

Three arc red and the 



rest are green. How 
many are green? 
The children must have a well- 
developed part-whole understanding. 
The whole set and one subset are 
^ven. To solve this kind of problem, 
children must know that the ^ven 
subset is contained within the whole 
set mentally or jrfiysically to separate 
that subset from the whole set aiKl 
then count the other subset. This 
prob!em raji be transformed ccmectly 
into a Change-2 problem by many 
children. Other children transform it 
incorrectly into a comparison of the 
two subsets. 

Atmther md^or factor aflfecting the 
difficulty of a ]Ht>blem is its semiantics. 
How the relationships tetween the 
sets are expressed determines, to 
some extent, whkh cognitive stnic- 
tures must he used by tf^ child to 
solve the problem* For example, 
study the following Comi^ut(-4 and 
Compare-5 problems: 

Compare 4. Jean has five pencils. Bili 
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F^. 4 Th® cf^ mssi imc^stotd thai the !ar|^ is thf©© nwa than tte 5»nstf ier set d»Kl flie smaller set is ttvee tess 
than tt^ larE^. 




Jean*s pwcMs 




rmm than 
or 

faw^ than 
(tess than) 



Bit!*s pencils 



has three pencils fewer 
than Jean. How many 
pencils does Bill have? 

Compare 5. Jean has five pencils. She 
has three mote pencils 
ihan BilL How many 
pencils does Bill have? 

See figure 4. 

In each problem the larger set, of 
the two being compared, and the dif- 
ference set are given. The child is to 
determine the smaller set. In the Com* 
pare-4 problen) the expression used to 
relate the larger and smaller sets is 
^'The sm^ler set is three pencits/m^r 
than the larger (known) set/' To solve 
this problem, the child might simply 
create what is descrit^, by removing 
three pencils from the larger set to 
create the s.naller set of two obiects. 
This behavior transforms the problem 
into a Change*2 pr<^lem. In the Com- 
parers problem, hoWever, the state- 
ment used to relate the lan^r and 
smaller sets is, in efect, '"^The larger 
S£l is three pencils more than !he 
smaUer (but unknown) set/' In this 
prc^em the child must use a different 
costive structure to detennine what 
to do. Three pencils cannot be added 
to the smaller set« since its quantity i^ 
not known. The child must under- 
stand that if the larger set is three 
mote than the snnaUer set, then the 
somller set is three fewer than the 
larger. The child must have a well- 
devekH'^ cognitive stntcture called 
reversibitity. The child must under- 
stand that the statement ''jr is a more 
than is equivalent to is a less 
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than jr, ' ' Only then will the child know 
that removmg objects from the larger 
set will create the •^more than*' rela- 
tionship expressed in the vertml prob- 
lem. This same reversibility enables 
some children to transform Combtne- 
2 problems into Change-2 proWems. 

Another factor affecting the diffi- 
culty of Compare problems is that in 
Compare-3, 4, 5, and 6 prcMems, the 
difference set must be mentally con- 
structed by the chikl. It is not actually 
of the compared set or the refer- 
ent set* Furthermore, after the differ- 
ence set is mentally constructed, the 
child must mentally add it to, or sub- 
tract it from, 01^ given set to deter- 
mine the unknown set. 

Another diflRculty is the varying use 
of the expressions more than, less 
than, and fewer ihan. The phrase 
fewer than is common in these four- 
teen types of prc^lems, since dis- 
crete, countable sets are involved. 
Fewer than sug^ts counting strate- 
gies more re^ily than does less than. 
However, more than is used to ex- 
press relationships between either 
countable or noi^untable quantities. 
Further, the word more is often used 
in Chan^ problems in another way« 
as in ""John gave Frank fiMir ifiore/' 

The relative difiicultks of all four- 
teen types of verbal problems have 
iK>t yet teen fully determiiml. But 
informal observations of cl)tldren 
solving ti^se prc^lems, careful analy- 
sis of the pit>blems* structures and 
semantics (Nesher et al. IS^), and 
analysis research results (Carpen- 
ter and Moser 1981; Nesher IMl; 
Riley 1981; Steffe 1971; Tamburino 
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1981) provide preliminary information 
about the difficulty of problems. Cur- 
rently available information indicates 
four levels erf difficulty: 

Easiest: !. Change 1 & 2, Combine I 

2. Change 3 & 4, Compare 1 
&2 

3. Combine 1, Change 5 & 
6, Compare 3 & 4 

Hardest: 4. Compare S & 6 

Instructional Proi^ures 

We have been working in a conceptu- 
ally oriented, materials-based elemen- 
tary mathematics program- The chil- 
dren in first, second, and third grades 
have received instruction in solving 
verbal proMems of the fourteen types 
that have been described. The follow- 
ing general instructional sequence has 
been followed over a f^riod of weeks: 

L Problem Situations are presented 
orally to children. Tte children use 
countable materials that can be 
grouped, linked, and sefmrated to aid 
them in solving problems. Their an- 
swers are expressed urallyn 

2. Children use countable objects 
to explore combinations of numbers 
that make laiger numbers. For ewm- 
ple, they separate five counters into 
two subsets in different ways and de- 
scribe the results orally, such as 
**three ami two*' or "one and four/' 

3. Children use prepared numeral 
cards (0-9), and cards with the 

and '^nr in conjunction 
with activities similar to those previ- 
ously described in step 2. They con- 
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sUruct number phrases and sentences 
with the prepwoi sign cards to repre- 
sent rtie objects teing used* This task 
hcip^ tbcm to anum^t the signs to the 
corcepts invcrfved. Fw example, if a 
child uses five counters and covers 
two of them , then a partner can create 
the <^n sentence 3 + □ = 5 then 
insert a **2 card'' to complete the 
open sentence. 

4. The problem situations are pre- 
sented orally to children as in step L 
They use countable objects to solve 
the problems and now use the pre- 
pared cards to constmci number sen- 
tences to represent tne objects used 
ami the conditions of the problem. 
For example, consider the following 
prcAilem: 

Change L Bill has two pencils. Jean 
gives him three pencils. 
How many pencils does 
Bill have now? 

To solve this prd>{em, children 
quently make separate links of cubes 
to r^i^iesent tim two sets, join the two 
links, and arrange cards as shown: 

(X^W [IIEISBEI] 

5* Children use c<Hmtable materials 
to solve orally presented problems 
Bxnd then write number sentences to 
indicate how they interpreted the 
prol^ems. In particular, children cir- 
cle their answers in the number sen- 
tences. In many ptt>blem situations 
several jKissible number sentences 
can be written. Consider this 
problem: 

Compare 1. Jean has five pencils. 

Bill has two pencils. 
How many more pencils 
does Jean have than 
BiB? 

Some children will interpret this as an 
addition problem and write 2 (D » 
S. Others wiU mterpret it i» subtrac- 
tion and write 5 - 2 = (3). Both 
interi^^etations are correct. 

6. Open sentences in written form 
are given to children, who use ccmnt- 
able materials to solve them. 

7* Materials are not us^, ami chil- 
dren scrive written vertml problems 
mentally while writing the corre- 
spoiKting numter sentences. 
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8. Children solve open sentences 
(not directly tied to veri)al probtems) 
in written form without the use of 
cmmtaUe materials. 

From a broad perspective, tti^ se* 
quence has used the following steps: 

(1) develop con^p^ using materials, 

(2) connect signs to the concepts, (3) 
construct symbolic forms (number 
sentences) using prepared symbols, 
(4) write symbolic forms, and (5) in- 
terpret prepared symbolic forms. This 
sequence has resulted in students be- 
ing able to interpret th^ problems 
and translate them into number- 
sentence mcKiels. 

In coqiunction with these activities, 
children participate in numerous 
counting exercises. They learn to 
count on from any given number and 
to count back from any given number. 
Counting on is useful in many prob- 
lems, imrticulariy in part-vhole situa- 
tions, in which one subset and the 
whole set are known, and in compare 
situations, where equalizing of the 
two sets is the strategy to be itsed. 
Counting bxk is also usi^ frequently, 
especially in Change prd)lems. For 
example, in Change-2 probtems the 
children often count back from the 
laiger (initial) set to create the smaller 
(final) ^t. 

Instructional Results 
So Far 

The instructional sequesu:e described 
seems to be effective in enaHing chil- 
dren in the primary grades to solve 
verbal pn^lems. (X crucial im|K>r- 
tance ^m to be the use of countable 
materials, the use of the prepared nu- 
meral and sign cards, and the practice 
of circling answers when writing num- 
ber sentences. 

Using the countable materials en- 
ables the children to create or model 
the conditions presented in the prc^ 
lems. The children can then determine 
which sets to count, compare, sepa- 
rate, or join to solve the problems. 
The use of the prefwed cards allows 
the children quickly to attach numer- 
als to the quantities re|M^sent^ and 
to construct the corresponding nurr*- 
ber sentences. We have found that 
chfidren who h ve not used numeral 
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cards e?cperience ^ater d.a.cully in 
writing number sentences corre- 
sponding to a verbal problem. The 
practice of having children circle an** 
swers when writing number sentences 
helps teacher^ understand how the 
children are thinking about the verbal 
proAilems. Indeed, for many of the 
tyi^s of problems, either an addition 
or a subtraction number sentence is 
appropriate. These practices also help 
teachers to recognize when children 
are successfully using the class- 
inclusion relation, reversibility of 
both actions and relations, and equal- 
ization of two sets. 

In s^unmary, we have learned that 
children can become good solvers of 
verbal pn^lems. What they need is an 
instructi<mal im)gram that proceeds 
from the concrete to the symbolic and 
the opportunity to encounter the var- 
ious problem situations that occur in 
seal life. 
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Verbal Multiplication and 
Division Problems: 
Some Difficulties and 
Some Solutions 



By A. Dean Hendriek^n 



Verbal problems that involve multi- 
plication and division are difficult for 
chikiren to solve. Many of these diffi- 
caliies arise because of their limited 
understanding of these arithmetic op- 
erations. Their experience with the 
different kinds of situations that call 
for these operations is also limited. At 
the same time, these problems cannot 
be categorized easily because the sit- 
uations that require these operations 
are varied. Nonetheless, multviica- 
tion is often taught only as *"..^f«ated 
addition** and diviskin only as "re- 
peated subtr^on." Children must 
have specific instruction in all the 
situations that requi multiplication 
and division as arithmetic operations 
if they are to apply them successfully 
to verbal problems. 



Change Problems 

Extensions of the "change problems" 
for addition and subtraction can lead 
to multiplication and division. In this 
particular kind of problem we have an 
initial set, a change number, and a 
final set. Given an initial set of small 
size and a change number thai de- 
scribes how many of this size set ar« 
joined, we find the size of the larger 
final set by multlplica»ion. These 
problems are change I, or repeated 
addition, problems. Here is an exam- 
pie (fig. I): 



Z>raii Hndrirkson is professor ttf educaiim ai 
the Uniivrsiiy of Miftnesnir Dtiluih. MM 
55812. He leaches eimrsei tm ih. psycht»fogy ttf 
learning and methods lem hinff maihemmics. 
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of acftange i or "repaated admm" problem: John put 6 
^te of 3 tokens e«rft Wo a bar*. How many it*ens Si John put ta^^^ 





(6) 



0 




9 

• 

Ri^ Set 
(size ?) 




J 
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John put 6 handfuis of 3 tokens each 
into a bank. How many tokens aii 
John put in the ban^ ? 

Change 2 problems result when a 
large initial set is given along with the 
size of a smaller final set, and a 
change number needs to be found that 
describes how many sets of that size 
can be made fiom the initial set. This 
problem represent; the measurement, 
or repeated-subtraction, interpreta- 
tion of division. Here is an example 
(fig. 2): 

Susie has 24 cookies. She gives 3 
cookies to each of the children on 
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the playground. How many chil- 
dren are on the playground? 

A child who can reverse tne "put- 
ting together" transformation can re- 
late a measurement interpretation of 
the division of countable materials to 
the repeated-addition kind of multipli- 
cation. In some ways the division is 
easier, since the child must retain only 
the fin^ set size and count the number 
of sets that can be made. The count is 
constructed in the process and the 
size of the initial set is not important, 
since the count stops whenever the 
priKess runs out of objects. In re- 
peated addition, both the count num- 

Ariihmetk Teacher 



ber and the size of the initial set must 
be retained mentally aiong with the 
result at the end of each iuccessive 
joining. 

Change S problems involve a large 
initial set and a known chan^ num- 
ber: the size the final, equal sets 
that can be made from the initial set 
must Ihs found. This is the partition 
interpretation of division. An example 
follows (fig, 3): 

Susie has 24 c(K>kies« She gives an 
equal numt:^r to each of her 4 
friends. How many cookies does 
each friend ^t? 

Change 2, or measurement division, 
is easier, since only the size of the set 
being formed repeatedly must be re- 
tailed aiMi a count of these sets kept 
as they are made. Change 3, or {Ci- 
tron division, requires a strategy to 
assure the equality of the sets being 
made and hence is more difficult. 

Comparison Problems 

Questions involving 'Mess than'' or 
'^more than"" lead to addition and sub- 
traction im>blems. These problems in- 
volve a comparison set« a dtffereiKre 
set, and a referent set. When we com- 
pare two sets and the comparison k - 
voives questions of ""how many times 
as many*' or ''what part of/' we use 
multiplications and division. Such 
problems involve a comparison set, a 
referent set. md a correspondence 
other than a one*taone correspond 
defwe between these sets, in figure 4, 
if the question is asked, "^A has how 
many times as many as then A is 
the comparison set, B is the referent 
set, and the correspondence of X to i? 
is sought. 

Compare I problems result when 
the referent set and a many-to^e 
correspondence are given and stu- 
dents are asked to find the comf^rison 
set* The following is an example (fig. 
5): 

Iris has 3 times as many nickels as 
dimes. She has 4 dimes. How many 
nickels does she have? 

Multiplication is used to find the a. - 
swcr: 3 X 4 « 12. 

Compare 2 problems occur when 
the comparison and a many^to^one 
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Fig. 3 An ^»n^ of a chmge 3 pmt^. a partition hterprstatkNi of division: 
Susie \m 24 coci4des. She gives them in mmben to her four ftlends. How 
many cooi^s does B&dh friend get? 
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corresponiience are given and the ref- 
erent sec must be found. Here is an 
example (fig. 6): 

Iris has 15 nickels. She has 3 times 
as many nickels as dimes. How 
many dimes. d<^s Iris have? 

Division is us^ to fmd the ^swen 
15 -5- 3 « 5- 

Compare 3 problems result when 
the comparison set and referent set 
are known ami a many-to-one corre- 
sfKmdence must be found (fig. 7): 

Frank has 24 nickels and 8 dimes. 
He has how many times as many 
nickels as dimes? 

IMvision is used to find the answer: 
24 8 = 3, 

Compare 4 problems c^rcur when a 
comparison set and a referent set are 
given and a one-lo-many correspon- 
dence is sought. In this case, the com- 
parison set is the smaller of the two. 
Here is an example (Hg. 8): 

Frank has 24 nickels and 8 dimes. 
He has what fraction as many dimes 
as nickels? (or, Frank's dimes are 
what fractional part of his nickels?) 

The result is division of a smaller by a 
larger number or formation of a ratio* 
nal number, usually expressed as a 
fraction. 8 ^ 24 » 1/3* 

This k ind of question puts a chikl*$ 
concept of fraction being equal imrts 
of a whole into conflict with this ratio 
situation. What other language can be 
used to ask for this correspondence? 
Because of the difficulty of finding 
suitable language, questions related to 
findtng this correspondence are sel- 
dom found in textbcK^. 

Compare 5 {H^blems arise when the 
comparison set and the referent set 
are given and a niany*to-many corre* 
spondence is MHight (fig. 9): 

There are 12 giris and 16 boys in the 
rcM>m. How mmy times as many 
boys are there as girls? 

One divides to find the answer (16 -t- 
12 » 4/3). Here again a fraction tells 
how nmny times as mtich, aith^High a 
ratio correspondence is made in the 
thinking. 

Compare 6 problems iKCur when 
the comparison set is smaller than the 
referent set and the correspmdencc is 
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sought (fig. 10): 

There are 12 giris and 16 boys in a 
room. The number of giris is what 
pmt of the number of boys? 

The result is foural by division again, 
12 16 = 3/4, and tite same a^nSict 
between ratio asid fr^tion results. 

Compare 7 problems result when 
the larger com{»ris<m set and the 
many-to-many correspondence are 
given and the size of the smaller ref- 
erent set is sought (fig. 1 1): 

TTiere are 16 boys in a class. There 
are 4/3 as many boys as giris. How 
many ^Is are there? 

The answer is found by dividing: 16 
4/3= 12. 

Compare 8 problems arise when the 
sm^ler referent set is given along with 
a many-to-many correspondence. The 
size <^ the larger comparison set is 
sought (fig. 12): 

There are 12 giris in the room. The 
number of boys is 4/3 the number of 
giris. How many boys are in the 
room? 

The answer is found by multiplytng: 
4/3 X 12 = 16. 

The compare problems that involve 
nmny-to-nmny correspondences are 
difiUcult, since they bring into conflict 
the child's recogmtion of a fraction as 
comparing a given number of equal 
parts to the whole and Uie idea of ratio 
as a conespoiKleace. The use of the 
same symbolism for both fractions 
and rational numbers compouiuls this 
dififkulty. 

Hiinkuig in ratios, equating ratios, 
and applying ratios to situations in- 
volve formal oi^rattonal thought. 
Very few elementary children are ca- 
pable of this kind of reasoning, in 
£Kt, few ei^th and ninth ^aders can 
think through the Mr. Tall-Mr. Short 
problem: 

Mr. Mr. 
Tall Short 
Measured in 9 6 

a^ch sticks 
Me^urtxi in 12 ? 

I^per dips 
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Fig. 12 A Gm^ImB 8 |:^rot^am: Jt^m am 12 ^ ^ fotm. Jim number of 
te 4/3 fite mmd^ of gifts, ikm rmnf boys ^ ih@ woml 
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Rate Problems 

The kind of proportionai reasoning 
used in equating ratios is also in- 
voived in thinking about rate prob- 
lenos. These are commonly found in 
intermediate textboc^cs* A rate prob- 
lem involves two variables — one inde- 
pendent and one defK^ndent — and a 
r^te of comparison between them. An 
example is distance (miles) rate 
(miles per bmir) x time (hours). Here 
the number of hours is the indepen- 
dent variable, the distance in miles (a 
total) is the dependent variable * and 
the ratio of miles to hours is the rate. 

Some common rate examples are 
these: 



FHj. 13 A rate 1 probtem: Fred pays $12,(K) a ^are yard fc^ outdoor carpeting. How much will 16 ^)uar@ yards co$t7 
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Fig. 14 A rate 2 pr^lsm: Jane pays S162 tor caipsting at S9 a squam yard. How many square yards dtd she get? 
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« feet per second 

• doilars per pound 

m iKHinds s^r cubic foot 

• gpJtons per minute 

• cents p^r kilowatt hour 
e parts i^r hundred 

Chiidrcn who are unable to think 
about rates and ratios will have diffi- 
culty doii^ these problems in any way 
other than substituting numbers into 
n^nKHized formulas. Problems deal- 
ing with percentages are probably the 
best example of this difficuhy. 

Rate I prc^ems result when the 
rate and the value of independent 
Viable quantity are given (usually in 
units of measurement) aiKj the value 
of the dependent variable, usually a 
total, must be found (fig. 13): 

Fred pays $12 a square yard for 
outdoor carpeting. How much will 
16 square yards cost him? 

The resulting application^ 

total cost 
« cost/sq. yd. x number of sq. yd. 
« $I2/sq. yd. x |6 sq. yd. « $192, 

is the easiest of the rate situations to 
use. 

Raie 2 problems result when the 
rate and the value of the dependent 
variable are given and the value of the 
independent variable is sought (fig. 
14): 

Jane pays $162 for carpeting at $9 a 
square yard. How many square 
yards does she get? 

We have 

$162 $9/sq. yd. x Q sq. yd. 

or 



sq. yd. ^ 



$162 



$9/sq. yd. 



Rate 3 problems result when the 
values of the dependent and indepen- 
dent variables are pven and the ratio 
or comparison rate is sought (fig. 15): 

Peter paid $342 for 200 eight-foot 
two-by*fours. What was the cost in 
dollars of each two*by*four? 

We have 

$342 « board x 2Q0 boards 



F^, IS A mtB 3 pHt5l:tem: Petef paid $342 tor 200 eighl -fool 2 x 4 s. What was 
the cos! m ckHI^ of 0ach 2x4? 





' ' ' ^ ' 

200 pieces 

C(^t« $342 

Cost 



# of pieces 



or 



$ costAward = 



$342 



200 boards 
« $1.71/board 

Selection Problems 

Among the most dL^cutt problems are 
those that require muitipiication. 
These belong to a more gei^ral group 
of sei^tion problems. 

Seteaion I problems involve simple 
ordered pairs where the choice seti 
for each element of the ordered pair 
are given and the number of ordered 
pairs possible is sou^t. The pairs ar^ 
ordered in the sense that one choice 
set is associated with one element and 
a second choice set with the other. No 
ordering occurs in the writing or se- 
lection, in the following example* 
(skirt, sweater) is not different from 
(sweater, skirt). See figure 16. 

Amy has 3 sweaters with different 
patterns. She also has S different 
skirts. How many outfits consisting 
of a sweater and a skirt are possi- 
ble? 

The pairs can be determined from a 
matrix (table I) or (torn a * 'factor 
tree/' Either way, multiplication is 
used: 3 x 5 = 15 outfits. 

Seleahn 2 problems result when 
one choice set and the number of pairs 
are given and the other choice set is 
sought. These problems are similar to 
selection 1 problems. 



A Matrix to R^ord the Pairs in Figure 
16 



Skins 



Sweaters I 



A A. I 
B B. I 
C C. I 



A, 2 A, 3 

B, 2 B. 3 

C, 2 C 3 



A, 4 A, 5 
S.4 B, S 
C 4 C, 3 



Selection 3 problems involve Iri* 
pies, quadruples, or other extended 
/t-tuples (n > 2) and the choice sets for 
each place in the n-tuple* 

Frank has 5 sport coats, 3 vests* 
and S pairs of trousers, all of which 
are color compatible. How many 
different outfits consisting of a sfK^rt 
coat, vest, and jmr of trousers are 
in his wardrobe? 

Here a 3-tuple must be formed 
(sport coat, vest, trousers) where or- 
dering is not important. Finding the 
total number of 3-tuples uses the mui-* 
tiplication principle: 5 x 3 x 5 « 75, 

Selection 4 problems give the num- 
ber of ^-tuples and the sizes of ail but 
one choice set, which is sought. An 
example follows: 

Frank can make 24 different outfits 
consisting of a sport coat, vest, ami 
trousers. He has 3 spcm coats and 4 
pairs of trousers. How many vests 
d«5s Frank have? 
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Fig. 16 A^GCfto ; pm^:^: 

Ntt 3 sw^KS with <liaregit 
P8!Skto. SI^ ^0 has S sidbris 
tSStnatt os^HB. htow rob^ outfit. 






This is a two-step pn^em: first mul- 
tiply and then divide, or successively 
divkie. 

Tbs selectii^ grmip of {Ht^ms 
invcrives the muitipiicatton principle 
or one aspect €i what Piagei calls 
ccHBtanatflNTial reasoniii^— the ability 
to c«»t»der the effect of several vari- 
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BgNl7 Cm®!^ ^ can 1^ used 10 li^ »Q repeaSsd-okiJtto kJsa of mulfiM^ 
cation ^ arm: Make 4 rows <^ 8 tHes e^. How many tiles are usod? 

- Columns. 

t t t t ♦ ♦ 



o 



















— Tl! 



































Tabte2 

Chango ^bSems 




Sampk pmkrfem 


ChsmciehsUcs 


(Change 1} 


Fred Jms 3 bones witti 4 
in mil box. How many 
cars ctoes Fred hsve? 


Imtial CsmaUer) set mm and 
cha^ ouaiber koowa; 
qiuettkm abmt fiasi (laiser) 
set. 

Osstwst) m aad final 
(smlkrl set Sim kwm; 

Btiniber. 
Mtial (tetner) change 
numbers Icrown: ottestitm 
abcmt the skeofftnai 
(smaller^ sets. 


(Quinige 2) 
(Chas^ 3) 


Jean ^ 12 aKdue$. She 
gave 3 ccKrtoes to t&e^ of 
her ffiouls* Hoim 
her fvieads got 

24 oMt^ dm 
pve away ^4fKends, 
friemt received the 

How fiMiy mattrfes dkt 
eacbfttefid^? 



ERIC 



abies simultaneously. Selection I 
pn^ms can be thought of as cells in 
a matrix. The thinkin.g needed to solve 
them is similar to that used to solve 
area problems^ sta:h as being given 
two dimmsions aiKi ^mling the area 
and beii% given the area and one 
dimensicHi and finding the other di- 
mension. 

Overview 

If students are ^ng to apply multipJi- 
catKHi awl division to everyday situa- 
tions, they must have experience with 
materials that re|»iesent these dif- 
fierenf sitaatkins. 

The ctmnge situations that involve 
joining and separating can be intro- 
duced with materials that can be 
joined, separated, and arranged. 
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Unifiix cubes can be used to illustrate 
repeated additions and repeated sub- 
tractions as well as measurements. 
Ceramic tiles can alsxt Iw used to link 
the idea of repeated addition to area 
(fig. 17). The measurement concept of 
division can also be introduced with 
tiles. The following kinds of questions 
can be asked: 

• Given 24 tiles, how many rows can 
be made with 4 tiles in each row? 

• Make 4 rows of 6 tiles each. How 
mait/ tiles are used? 

Beans and paper cups can be used to 
give experience with the (mtition in- 
terpretation of division as well as to 
the repeated-addition and repeated- 
subtraction intenHietations of multii^i- 
cation and divisitm. Some examples 

Arithmetic Teacher 



are the foliowmg: 



1 



tisfe 



Char^ehstics 



Conq»re I jMfl^ has 3 of sandals. S9)^ 4 
tim^ »s imny patri of shoes. How 
mmy pairs or stecs does she have? 

Compare 2 Ireoe Kl peaaks. has S timss as 
nosy p^ums m ^ tea. How muy 
po^es does Pstt i»ve? 

Craii^Qre 3 DonaM has S imrbtes* Peier tes IS mar* 
bies, Peter has how maty time% as 
nmay nwbtes as Dtmakl? 

Gomi^ie 4 Boai^ has 16 white Houses ami 4 

omS blimses* Her e(rik»ed t^Ki^ are 
wtml (fm:iuHml} pan d her «(Me 
blouses? 

Compf&ie S Our ctess ims 16 boys mA 12 giris; Thtrc 
are how many tiroes as a^ny hoys as 
girfs? 

Compars 6 Our ctess tos 16 boys and 12 giris. The 
mis are what (fir^SKmai) ^mrs d the 
boys? 

Compare 7 Fred has 25 baswbail cards. He has S/4 as 
many cards as Jim has. How many 
basraall c?rds does Jsm have? 

Compare S Erica has 25 stickers. Feg^ has 4/3 as 
many stickers as Erica. How many 
stfekers does I^^gy have? 



R^erem set and auuiHCMine cmrspcm- 

deim known; qitesucm ^nhh the C€Hn 

p^mm set. 
Comf^mcm set mi many»to*cne corre- 

spc^temv known; iptera^ ^mat the 

referent 

Cmnfmrismi set airf rrf^ set given: 

ques^m about kind ctf (s^y-to<^) 

cmt^tpc^knce. 
Comi^rison set rrferent set ^ven; 

^lestKm about kind ctf (me^icHnany) 

conespotntence. 

Comparison set and refencm set given; 

ipmtimi abom the (many-io-many) 

omespc^sdenoe. 
Con^Ktfison set and r^mmi set given; 

qiiH»ikm abcmt many^c isy corre- 

spondence. 

C^^mphruKm set umi many*to-n^.ny cor- 
respondenee ^ven; que^km about rdf- 
erem set. 

ReSermt set and many*to*many corre- 
sKmdence given; questi<m about com* 
parison set. 

















l^t^iieni tttte 


Sampk problem 





Selection 1 



Seiecticm2 



Sei«xiion 3: 
extended n-tuple 



Selection 4; 
extended n-tupie 



Faula has 3 kimis of chme and 2 
kinds of sausi^. How many dif- 
ferent cheese-ai^i'saus^ fHzzas 
can she make? 

Frank makes IS di^ef^m cheW'Snd- 
sausage mzzss. He ban 6 kimts <tf 
cl ^ese. How many kinds of sau* 
sage does he teve? 

Dave has 3 dtfieietn^sized »ts td 
wheels, 4 kmds €S bodies* asd 3 
different motofs. How many differ- 
ent cars With whe<^5, a body, and 
a nwtor can be put toother? 

I>ve has 3 diSiere^-sized sets of 
heels and 4 kh^ trf bodies; be 
can imke % different cars tivith 
wheels, bodies, and n«Hors. How 
many dlifferent kinds of maixm 
does S» have? 



Number mven fnnn w^A to setect 
for eacn pair etem^; qoe^km 
atmit munbtr si pairs possibte. 

Number in one choice set and num- 
ber of pairs pven; i^t^stion about 
number in mtcr chc»ce set. 

Number givoi fmn w^ch to choose 
fc^ each p<HtkKi in n-tu^; ques- 
tion ^KKit number id AMU^ales ims- 
sibk. 

Number givoi from whkfa so choose 
tc^ ail but one positkm in n-tuple 
ami aSso number l^tsq3tes; ques- 
rkm about renwn^ positkm. 





TabtaS 






Rate ^obtems 






ProHcm 






title 


Saffli^ woblem 


Characieristics 



1 Lisa buys 18 cans of pcAkh at 10.72 per 
can. what is the total 

Rase 2 Pe2i»^ tniys a siit on sak. The fnice, after 

a 25% disc^t, is $90. Wlmt was the 

originai f»iai? 
Rs\te 3 Cmim runs 200 meters in 72 secoiRis. 

What i% her aver^ speed in amitrs per 

second? 



Given the rate ami the ii^^pc^fedent ymri- 
able value: questkm is smut the depen^ 
dent vanai^* 

Given ti» rate and the depml^ variable 
value: qu^sticm is abtmt tte Mlepemh^n 
variaUe. 

Given tin: vahm of the depemlent ami in- 
dependent vnriaUes; qi^^t^ is about 
the rate. 
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• Given 2! beans, put 3 beans in cups 
until the beans are gone. How many 
cups d;d you use? 

• Given 33 beans« put an enual num** 
ber of beans into each of 5 cups. 
How many b^^s are in each cup? 

• Given 4 cups, put S b^ans in each 
cup. How many beans were need* * 
ed? 

The raiio comp^irison situations can 
be introduced with two different 
shapes, two different colors of chips 
or cubes, or any other materials that 
can be put into sets and compared 
using the mutsiplicatton- and division- 
related questions in the examples. 

The selection ideas can be intro- 
duced best with colored cubes or sev- 
eral geometric shapes in different col* 
ors, forming pairs and triples of these 
materials. Subsequently using situa- 
tions that involve items from the stu- 
dents' experience* such as stickers, 
pi2za toppings, clothing, and n^cord 
labels, can help children apply these 
basic ideas of multiplication to the 
real world. 

Raie pixiblems should probably be 
introduced after establishing the idea 
of a constant rate of change in two 
related variables. This intrcxluction 
must done slowly and carefully and 
tim^ to the stage of cognitive devel- 
opment of the students. Hie demands 
are primarily on the profKHtionah 
reasoning capability of the students. 

Introducing problems involving 
such relationships as dismnce - 
time X riarr, cost - costlmit x units^ 
and percentage = percent x base 
should be within the more general 
context of rate df change. Otherwise 
students may substitute values into 
formulas without understanding the 
processes involved. 

i^fcrflogr^Mty 
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EXAMPLES OF DIFFERENT 
SITUATIONS THAT LEAD 
TO THE ARITHMETIC OPERATIONS 
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Combine 1 : Tony has 10 red marbles and 12 

blue marbles. How many marbles 
does Tony have? 



Combine 2: Jack has 26 pets. 1 1 are dogs and 

the rest are cats. How many cats 
does Jack have? 



Change 1 : Joni has 9 cassettes of her favorite 

groups. On her birthday she 
received 8 more cassettes. How 
many does she have now? 

Change 2: Joyce has 23 poppies. She sold 18. 

How many poppies does she have 

left to sell? 



Change 3: Before Willie gave him some more 

nails, Fred had 26. Now he has 40. 
How many nails did Willie give 

him? 



Change 4: Connie had 13 extra valentine 

stickers. She gave some to Ruth. 
Now Connie has only 4. How many 
stickers did Ruth get? 

Change 5: Tom had some hazelnuts in a basket. 

Jerry put 19 hazelnuts into the 
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basket. Then Tom had 34 hazelnuts. 
How many hazelnuts were in Tom's 
basket at the start? 

Change 6: Gloria had some pennies in her 

purse. She used 8 of these to pay 
for some buttons. She then had 9 
pennies in her purse. How many 
pennies were in Glorias purse to 
start with? 



Compare 1: Petra has 1 1 baseball cards. Gerta 

has 18 baseball cards. How many 
more cards does Gerta have? 

Compare 2: Tomas has 9 scout badges. Willie 

has 19 scout badges. Tomas has 
how many fewer badges than 

Willie? 



Compare 3: Walter has 8 pencils. Jeannette has 

4 more pencils than Walter. How 
many pencils does Jeannette have? 

Compare 4: Sharon has 12 campaign buttons. 

June has 3 fewer buttons. How 
many buttons does June have? 
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Compare 5: Bobbie got 23 correct on his 

spelling test. She got 6 more 
correct than Barbara. How many 
did Barbara have correct? 

Compare 6: Tess did 13 push-ups in physical 

education class. She did 8 fewer 
than Vera. How many push-ups did 
Vera do? 



CHANGE 1 : Freda has 4 boxes with 5 packets 

of seeds in each box. How many 
packets of seeds does Freda 
have? 



CHANGE 2: Johanna had 30 cookies. She 

gave 6 cookies to each person in 
her troop. How many of her 
friends received cookies? 



CHANGE 3: 



COMPARE 1 : 



COMPARE 2 



COMPARE 3: 



Paul had 24 marbles that he put 
into 4 bags. He put the same 
number in each bag. How many 
marbles were in each bag? 

Joellen has 4 pairs of sandals. 
She has 5 times as many pairs of 
stockings. How many pairs of 
stockings does she have? 

Irene has 30 pennies. She has 5 
times as many pennies as Pat. 
Pat has how many pennies? 

Donald has 5 marbles. Francis 
has 18 marbles, Francis has how 
many times as many marbles 
as Donald? 



CO 



COMPARE 4: Bonnie has 16 white blouses and 

4 colored blouses. She has how 
many white blouses for each 
colored blouse? 



COMPARE 5: Her colored blouses were what 

fractional part of her blouses? 



COMPARE 6: 



COMPARE 7: 



Our class has 16 boys and 12 
girls. There are how many times 
as many boys as girls? 

Our class has 15 boys and 12 
girls. There are how many 
girls for a group of how many 
boys? 



COMPARE 8: The girls were what fractional 

part of the class? 



COMPARE 9: 



Fred has 25 baseball cards. He 
has 5/4 as many CcTds as Bill. 
Bill has how many baseball 
cards? 



COMPARE 10: Tom as 25 baseball cards. Tim 

has 4/5 as many baseball cards 
as Tom. Tim has how many 
baseball cards? 
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COMPARE 1 1 : 



SELECTION 1 : 



SELECTION 2: 



SELECTION 3: 



SELECTION 4: 



Jack had some marbles. Dennis 
had 12 marbles or 2/3 as many 
as Jack. Jack had how many 
marbles? 

Paula has 3 kinds of cheese and 
2 kinds of sausage. How many 
different cheese and sausage 
pizzas can she make? 

Franks makes 18 different 
cheese and sausage pizzas. He 
uses 6 kinds of cheese. How 
many kinds of sausage does he 
have? 

Rita is going to make a soapbox 
derby car. She has 3 sets of 
different size wheels, 4 
different boxes for bodies, 
and 3 different windshields. 
How many different cars with a 
set of wheels, a body pnd wind- 
shield can she make? 

Bonnie can wear 30 different 
outfits consisting of a skirt, 
blouse and shoes. She has 3 
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skirts, and 5 blouses. How many 
pairs of shoes does she have? 

Lisa bought 6 cans of potato 
chips at "2 cans for 591". How 
much did potato chips cost her? 

Corrine ran 100 meters in 15 
seconds. What was her average 
speed in meters per second? 
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LEVEL FIVE 



PROBLEn SOLVING: CHECKING UP 

Background: Children hove had an opportunity to see ell of the addition and 
subtraction kinds of problems and the change and combine multiplication 
and division problems. G\m the problem solving 'checking up" test. Analyze 
the results end determine which kinds students need more experience with. 

LESSON ONE: Making Sure 

Review with children the use of "less than/ "more than/ "fewer then," 
"times as many", ' lart of", as these ideas occur in different problenrts. 
Encourage children to think of questions about problems: 

"What does the question ask for?" 

"What does the bigger number(s) show?" 

"What does the smaller numberCs) show?" 

"Is something being compared with something else?" 

"is something being added or subtracted?" 

"What is not known?" 

Encourage children to make diagrams to represent quantities. 
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Problem 
Combirse 1: 



Number Sentence Converted Sentence 
A ♦ B = 



Combine 2: 

Change t: 
Change 2: 
Change 3: 
Change 4: 
Change 5: 
Change 6: 



A ♦ 

A + 8 = 
C - A = 
A ♦ 

C - 

* B = 



= C 



= C - A 



= C 
= B 
C 



= C - A 



C ♦ B = 



- B = A 



= C - B 



= A ♦ B 



Hany children will mentally convert to the model they are most 
comfortable with. If you encourage them to make pictures to 
represent the objects in the problems, they are more likely to 
write correct number sentences - either direct models or 
conversions. Most of the COnPARE problems will yield proper 
number sentences this way. 

tESSOW TWO: Cmnt^iiR^ s on Hodellln g 

l.hfnnlMpMpB; In this lesson go through the problem types one at a 
time. Use materials - base ten blocks, counters or whatever is 
most appropriate, ftake a diagram of each type Write the number 
sentence, explaining how each numeral and symbol is derived from 
the verbc: description. 

A CHANGE 3 problem is used as an example. 
"Betty has 12 star coupons. Here are her coupons ' 
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12 



"Fred gives Betty some more coMpons." Write: 12 * 



'Why did we write the plus sign?' 



"Whg did we write the 



sign?" 



Turn overhead off. Add six more counters to the collection. Turn 
overhead on. 



Write 



'Betty now has 18 of these. 



12 ♦ 



= 18 



How many did Fred give Betty?' Write: 12 ♦ 



Circle the answer: 12 ♦ 




6 



= 1i 



= 18 



"SIX is the missing amount that we didn't know - the number Fred 
gave Betty.* 

LESSON THREE: Writing Problems 

introduction: Write a number sentence on the overhead or 
chalkboard: 



CG 



23 ♦ =44 



"Write 8 story problem i»o that ttiis number sentence shows what 
Is in the prohlem." 

Ask for these from iniltviduals and analyze them as a group. 
Remind children can show parts or the action of joining. It 
may also show 'how much more than." The Q always shows 
the number to be found - the answer to the question in the 
problem. 

Activit y: Pass out the worlcsheet and have children write a story 
problem for each. Allow the use of materials as needed. 

LESSON THREE: Checking Up 2 

Background: Children have had enough experience with some of 
the problems requiring multiplication and division to warrant 
finding out which of these need instructional emphasis. Read the 
material In the APPENDIX first. 

introduction: Each child should have 50 cubes of some kind and a 
calculator. Remind them to use these to represent objects in the 
problems. 'Listen as I read the problem and show it to you. First, 
find the answer. I will read it a second time. This time 
concentrate on the number sentence to show the problem. Then 
CIRCLE the number in the sentence that answers the question in 
the problem.' 

Reveal the problems one at a time. Read each one twice slowly, 
iiive children time to THIHIC between each step. Analyze the 
results to determine which kinds of problems to emphasize. 

LESSON FOUR: Hultiolication end Division 

introduction: So through the problem kinds for multiplication and 
division one at a time. Follow the same procedure ab with 
addition and subtraction. 

Allow the use of materials 
Emphasize writing number sentences 
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Emphasize maiclftg diagrams to stiow the prolilem situations 



CHAtfiGE 1: "I put 5 pictures on each of 4 huHettii boorffs. How 
many picture did I use?* naterials to show this on the overhead: 



xxxxx 
xxxxx 



"There are 20 pictures altogether.' 
Number Sentence: 



= 4x5 "20 goes in the box." 




Picture: 



"There are 20 pictures altogether." 



CHAfl6E 2: Jogce had 24 strewbernes.. She gave 6 to each of her 
friends. How many friends received strawberries? Matenals to 
show this OR the overhead: 

Sort out by 6's: 
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0^ 


0^ 












— ^ 




^^^^ 

















Ttiere are 4 collectioeis of 6, so 4 fiietids 
received strawberries." 



Number Sentence: 24 6 = 



"4 goes in the box." 

CHANGE 3: Beorge bod 18 turtles. He gave on equal number to 
e&cb of 3 friends. How mang turtles did each friend get? 
naterials to sbow this on the overhead. 
Sort into 3 groups one at a time: 




'Each of the 3 friends received 6 turtles. 



Number Sentence: 



= !8 ^ 3 "6 goes in the box." 



COnPARE I: Francine has 6 nickels. She has 5 times as many 
pennies as nickels.. How many pennies does Francine have? 
naterials to show this on the overhead: 




Picture;, 





"For each nickel, tfier® ar© 5 
pennies For 2 nickels there are 
10 pennies. For 6 nickels, 
there are 30 pennies.' 



fiumher Sentence: 5 ss 6 = 



'30 goes In the box. 




"For each nickel there are 5 pennies." 



TABLE: 

Nickels Pennies 

1 5 

2 10 

3 15 

4 20 

5 25 

6 30 
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COMPARE 2: Jme liad 30 dimes. She h&s 3 times as many dimi;^ 
as Pat. How many dimes does Pat have? rtaterials to show on the 
overhead: 




PICTURE: PAT 



Mm 



TABLE: 



Pfit 
1 

2 
3 
4 
5 
6 
7 
3 
9 
10 



Jane 
3 
6 
9 
12 
15 
18 
2! 
24 
27 
30 



COnPARE 3: Devey has 3 frogs. Paul lias 12. Paul fias how many 
times as many frogs as Davey? Haterials on the overhead. 

Let's arrange these first as one of each: 





s s ^ 




5 3 


1^ II 























"We can use another so there are 2 for each. 



5 


SIS 


ss 






ss 




ss 






ss 





'We can give each large frog 2 more, so: 




There are 4 for each one. 



Number Sentence: 



= 12^3 "4 goes in the box. 



COHPARE 4: John has 15 pairs of white sox and 5 pairs of colored 
SOX. He has how many pairs of white sox for each pair of colored 
sox? nftterials to show on the overhead projector: 

Let's arrange these first using 1 for 1: 



ERIC 
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o oo 
o o 
o o 
o o 
o 

o o o o o 



"How many more whites can we put with each colored one?" 



O O O O O 
O O O O O 
O O O O O 



There are 3 whites 
for each colored one. 



numher Sentence: 15-^5 = 



'3 goes In the bQH, 



74 



Picture: 




COMPARE 5: His colored SOK ore what fractiortol part of all of Ibis 

SOX? 

'How many sox does lie tsave?" 20 
"How many colored sox does he have?" 5 
"5 is what part of 20?" 1/4 

It is unlilcely your assessment will yield many students who can 
handle mony-to-many comparisons as in COriPARE 6-1 1. The ratio 
woilc that you do with that set of lessons * give "^e 
background needed so those kinds of proiil can be worked on at 
the next level. 

LESSOfi FIVE: More MultiLlication & Division 

Introduction: This is to introduce children to the selections 
problems that lead to multiplication and division. 

Selection I: Materials to use on the overhead. 

'Gloria has 3 dogs and 4 collars for these. In how many different 
ways can she match a dog .nth a collar?" 

"Let's represent these. We'll let colored chips represent the 
collars and different shapes represent the dogs: 



Is FIdo 




is Spot 
is Rover 




¥ M WM8 



are the collars." 



"How can we match the collars of different colors with the dogs. 

^0 



Tido can wear a collar 
4 different ways." 





-J® 


^0 1 




0 






© 









"Spot can wear one of these 
collars 4 different ways." 
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^0 l]Q 





"Rover can wear one 
of tlie collars In 
4 different ways, 
also." 





"How many -natchings do we have?" 

"What are some ways that we could show this in a tahle or a 
diagram?" 



Dogs 



C 

0 



® 1 




© 



4 



1 

a 



8 



'© 



11 12 






Number Sentence: 



= 3x4 
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Selectfon 2: In these ttie total number of pairs fs known and the 
Rumiier of tilings possible for one pert of tins pair Is ficnown, so 
division Is neded. 

'Franic can make 15 outfits including a sweater and a pair of 
slacks. He tias 3 sweaters to choose from. How many slacks does 
he have?" 

Let's look at a collection of pairs of IJESIFSX cubes and try to put 
them into an array by classifying them.* 

Have fifteen UNIFIX pairs: 

5 with red followed by white« green^ blue, brown or black; 
5 with yellow followed by white, green, blue, brown or black; 
5 with orange followed by white, green, blue, brown or black 

These should be in random arrangement. 

"How should we classify these in an arrangement of rows and 
columns?* 



¥ou should eventually get thr following: 



R 


W 




R 


G 




S 


Bl. 




R 


Br. 




R 


Bk. 





W 




Y 






¥ 


81. 




Y 


Br. 




Y 


Bk. 



0 


W 




0 


G 




0 


ei. 




0 


Br. 




0 


m. 



The first UNIFiX in each pair is the same for every row and the 
second is the same for every :.5lumn." 
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If we Icnew the 3 colors used first or the 4 colors used second, we 
could f fnd the other one from the numlier of peirs. in this case- 
12 - 3 = 4or 3 = 12 - 4. 

'Vou tell me what to do to worlc this problem/ 

"Tim has 15 hot and scarf combinations. He has 3 hats. How many 
scarves does he have?" 



MiMiy; 6ive students some of the provided problems to work 
on. Allow the use of materials to represent objects in the 
problems. Have them write number sentences and circle the 
number that answers Ihe question. 

LESbON SIX: Two-sttiO Problems 

Bqclcground; These problems involve the application of one 
arithmetic operation followed by another. To do these, children 
MUST vera thoroughly understand the situations that give rise to 
the four arithmetic operations. 

introtfuctloh: "Tom has 8 bags with 8 marbles in each bag. He has 
another bag with 26 marbles in it. How many marbles does he 
have in all?" 



"Let's look at this one step at a time.' "How many marbles are in 
all of the 8 bags?" 64. 

"He has another bag with 26 marbles. What do we do with this 
26?" 



How many marbles do we have in all?" 



"Notice we multiplied first, then adoed something to that result." 



Write: 



= 8 X 8 ♦ 26 



Do a second: 



"Sally put 9 coins on each of 7 pages in her coin collection book 
She had 77 other coins in a box. How many coins did she have in 
all?" 
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"What do we do first?" 

"How many coins Is that?" 

"How do we get the number of coins ffl ALL?" 

"What IS the numher sentence?' 



\ ) = 9 x7 ♦ 77 



Activity: Pass out the activity sheets and monitor the worlr 
closely. 

LESSQW SEVEN: Hon-Tradltional Profalems 

gac|cgro"h«I: Problem solving does not all fall neatly Into cases of 
adding^ subtracting, multiplying and dividing, or combinations of 
these. Some problems require use of other strategies. These 
include: 

Suesslng and Checking 
halcing a picture 
flaking a table 
naking a list 
Finding a pattem(s) 
But mostly, THINKINB 

introduction! Work two or three problems that illustrate these. 
Some examples are: 

"Sam has 7 coins, all nickels and dimes. Their total value is 50t. 
What are the 7 coins?" 

"Could all 7 be dimes? Why not?" 

'Could all 7 be nickels? Why not?" 
"What amounts could be in dimes?" 
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List these as given: 

Dimes: 

101 

20f 

30t 

40$ 

'What amounts coyld fiie in nickels?' 



Discuss why they must all end In ~0\ 



List as given: 

lOe 
20f 
30f 
40C 

rtake a table: 

No. of Dimes 


Amount 


No. of Nickels 


Amount 


o 


lot 


2 


loe 


2 


20f 








30t 


G) 


3oe 


4 


40t 


8 


40t 



"How can we get 7 coins?" Circle with colored chalk 

"Which gives 50c?" 

So, we hove 3 dimes end 4 nickels. 



The time Is 7:35. What time will it be in one hour and twenty 
five mi nuts?" 

"What is the time are one hour?" 8:25 
"What Is 25 minutes added to this time?" 



So, It will be 0:50. 



'Janis Is llilnicing of two numbers, if s&ie siSils tlie two iiymbers. 
It Is 17. The larger Is 9 more tfian the smaller. What are the 
numbers?' 

"What ore sume ways to do this?" Possibilities Include looking at 
all 2 number combinations malclng 17. Another is loolcing at 
numbers 9 apart. 



Possibility t: 



Possibility 2: 



t. 


16 


1. 


10 


2. 


15 


2. 


11 


3. 


14 


3. 


12 


4. 


13 


4. 


13 


5. 


12 


5. 


14 


6. 


It 


6. 


15 


7. 


10 


7. 


16 


8. 


9 







"How many of these 
pairs have larger 9 more 
than smaller? 



'How many of these 
add to 1 7?" 



The result is clearly 4 and 13. 

"How much do 30 eggs cost if eggs are 66t per dozen?" 

"What must we do first?" Pick up on suggestion to see how many 
dozen in 30: 



30 * 12 = I 

/ ] = 2 1/2 



'Wow what musl we do?" 

'Let's summarize all we did in a number sentence. 



30 - 12 X 66$ = /__J 

"Could we have done this another way?" Make a table: 



Egos Cost 



1 


6 


33 




12 


66 What we know 


2 


18 


99 


3 


24 


132 


4 


30 


156 What we need 



Activit y: The attached set of problems should he used as a source 
for giving problem solving work at least once a week. 

Sometimes have the children work on these In pairs. Sometimes 
work with the whole group in analyzing acd thinking through a 
problem. Sometimes have children list all of the different wags 
to work a given problem after having worked it. 

LESSOW EIGHT: Creating Prnhli»mg 

Introduction: Explain to the children that theij will he giverr 
some Information, but no question about It. They are to wnte as 
many questions about this that require a number as they can. Give 
one example: 

The flag of the United States has 7 red stripes and 6 wItUe 
stripes." 

Try in get as irang related questions as you can - for example: 

ThPre are how many more red stripes?" 
"How many stripes are on the flag?" 

The number of white stripes is what fraction of all of the 
stripes?" 

Activity: Use the problem sheets. Have children write questions 
about the informotlf^n given. 
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LEVEL FOUR 



ASSORTED PROBLEMS T P USE 

1. As 8 problem of the doy 

2. For Qss^gnments 

3. For pairs of children to work on, etc. 



1. Brldgemon's is having on ice cream cone specie!. They 
have cake cones and sugar cones. They will let you choose f rom 
chGcolote, vanilla or strawberry ice cream. You can add crushed 
nuts or marshmallow topping. How many different choices of an 
ice cream cone do you have? 

2. In preparing for a marathon^ Frank ran every day of the 
week for a total of 100 miles. He ran 13 miles on Saturday and 
12 miles on Sunday. On the rest of the days he ran thi> same 
number of miles each day. How many miles did he run on the 
weekdays? 

3. Several children in the class have dogs as pets. There 
are three times as many Collies as Spaniels. There are 6 more 
Spaniels than poodles. Three children have poodles. How many 
children have dogs? 

4. June sold 28 paperbacks for IOC each at her mother's 
garage sale. She has 27 paperbacks left. She wants to get a total 
of $10.00. How much should she charge for each remaining 
paperback? 

5. Dean used pattern block triangles to make large 
triangles. The largest triangle required 36 triangles. The side of 
this triangle is how many times as long as the side of a pattern 
block triangle. 

6. Vicki, Shelley, Tom and Chris each have a dog. The dogs 
are Spaniel, Spitz, Terrier and Labrador. Vicki has the Spaniel; 
Shelley dons not have the Spitz or the Labrador. Chris does not 
have the Labrador. Who has which dog? 

7. Al's 3 s.rgr jxtcket model is 120 centimeters long. With 
the first stage removed, it is 74 cm. With the second stage 
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removed as weli^ it. is 42 cm. long. Which stage is the longest? 
How much longer is ft than each of the other twof 

8. Linda paid for her records with $2.25 tn quarters and 
dimes. She used 2 more quarters than dimes. What coins did she 
give the cleric? 

9. Tern's mother made a cake in a pan 9 In. x 12 in. When it 
cooled, she frosted it and decided to put chocolate soldiers 
around tlie top edge of the cake. If she put the soldiers 3 inches 
apart, how many did she use? 

10. Of the 30 players on the football team^ all but 2 are 
going to th& awards banquet. They will be seated 4 to a table. 
How many tabies are needed? 

1 1. Tabltha numbered the pages of her diary, it has 150 
pages. How many times did she use the digit "4"? 

12. Lynn, Iris and Sue found a boxful of marbles. They set 
aside half of them to use later. Each girl took 1/3 of the rest of 
the marbles? Lynn received 12 marbles. How many marbles were 
in the box? 

13. Larry went smelting. Each time he dipped the net, he 
had 2 more smelt than the last time. How many smelt were in the 
net when he dipped It the tenth time? 

14. The 4th grade class has 5 gerblls and 2 cages. In how 
many different ways could they be put in the cages, without any 
cage belsig empty? 

15. Phyllls's mother went on a diet for 30 days. To make it 
more challenging, Phyllls's father said he would pay her $2.00 for 
every day she lost weight, but would charge her $1.50 for every 
day she gained weight. At the end of 30 days, Phyllls's father 
patd her $25. On how many days did Phyllls's mother lose welyht? 

16. Denny made a deal with his neighbor to mow his lawn. 
He Sd4d he would charge $4.00 for each of the f -st 5 times and 
$5.00 for each time more than 5. He mowed the lawn 12 tim«s. 
How much di;^ his neighbor pay Denny? 
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17. S9iel1f{i| and Gregg went to the movie. H started at 6:30. 
Previews of coming attractions took 12 minutes. Commerctal ads 
took 7 minutes. Tlie film lasted 1 hour and 30 minutes. Their bus 
left at 8:30. How long did they have to catch the bm? 

18. Tickets for the football game were numbered 500-1000. 
Each person having a ticket with only one 6 and no other digit 
sm8>11er than 8 received a free banner. How many banners were 
given away? 

19. Fritz tried to make the long&st UfilFSX link m t§§e class. 
He used 900 UNIFSX cubes. Each is 3/4 inch oong. How li^ng was 
his UHSFtX cube? 

20- Red pencils are 3 fr^r 89f and yellow pencils are 4 for 
89f . If Tom's bill was $5.34 and he taught more yellow pencils 
than red pencils, how many pencils did he buy? 

21. 5 pound bags of potatoes cost 89t and 10 pound bags 
cost 1.S9t. How much cheaper Is It to buy all 10 pound bags if 
you need 50 pounds of potatoes? 

22. 132 people attended Rocktf VI 11. Adult tickets cost 
14.00 and children's tickets are $2.50. How many children 
attended if the total receipts for tickets were $480? 

23. Two-thirds of Mrs. Runlons class are boys. To even 
things^ 5 boys go to Mrs. D8verr.'s class and 5 girls come to firs. 
Runlons' class. Now only one-half of Hrs. Runlons' class are boys. 
How many studert. are In Mrs. Runlons' class? 

24. Write 5 division problems that have an answer 7 R 3. 

25. 6erte is now 7 Inches taller than her brother Dean, srse 
grew 3 Inches last year while Dean grew 4 inches. A year ago 
Dean was 4 feet 3 Inches. How tall is Gerte? 
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PROBLEMS TO USE ON ASSIGHrtENTS FOR STUDENTS 

These ore also models of kinds of multiplication and division 
problems for you to use in writing more of these. 

'Bridgeman's has fO flavors of ice cream and 5 different toppings 
How many different ice cream cones can he made?" 

°l put 5 pictures on each of 4 bulletin hoards. How many pictures 
did I use?' 

"I have 6 hags of apples with 9 apples in each hag. How many 
apples do I have?" 

!f 7 boxes of crayons time 8 crayons In each box, how many 
crayons are there?" 

"Bill has 9 pennies. His brother has 4 times as many pennies as 
BUI. How many pennies does his brother have?" 

"Fre:!'s marble bag has only 4 marbles In it. John's bag has 7 
times as many marbles. How many marbles are in John's bag?" 

"Jane has 18 crackers. She put them into piles of 6. How many 
piles did she have?" 

"If 24 appUs are put into 3 bags so that each bag has just as 
many apples, how many will be in each bag?" 

"John caught 3 times as many perch as sunfish. He caught 15 
perch. How many sunfish did he catch?" 

"Bill's box has 18 washers and 6 nails. He has how many times as 
many washers as nails?" 

"Paula has 24 different sweater and skirt outfits. She has C 
sweaters. How many skirts does she have?" 

"How many 6-p8Ck8 of pop do you have to have to bu so each one 
in a class of 54 can have one bottle? 

"If 5 tires are sold with each car. how many tires in all have to 
be supplied with 8 cars? 
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"Jet plaices tiave 4 engines on eac^ plane. How many engines are 
there on 8 of these planes?" 

'A wren weighs 4 ounces. A {.row weighs 9 times as much. How 
mmh does a crow weigh?" 

"John has 6 shirts and 4 pairs of trousers. How many different 
outfits of a shirt and a pair of trousers can he wear?" 

"Jean has 4 pacicages of jacks. Th^re are 16 jacks in each 
package. How many jacks does she have?" 

"If the hockey team plays 2 gan a week for 3 months, how many 
games will it play?" 

'A chess set has 4 castles. How many castles are in 9 sets?" 

"John bought 5 bags of marbles. Each bag had 12 marbles. How 
many did he buy?" 

"Jean has 6 baseball cards. Tom has 8 times as many. How m&ny 
baseball cards does Tom have?" 

"72 eggs are put into cartons with 12 spaces. How many cartons 
are used?" 

'64 pencils are put into boxes with an equ&l number of pencils in 
each box. 8 boxes are used. How many per»cils ars in each box?" 

"if 72 straws are put into bundles of 8 straws^ how many bundles 
are used?" 

"63 marbles are put into 7 tags so each bag has just as many 
marbles. How many marbles are in each iiag?" 

"If you have 54 peanuts and give 5 peanuts to each squirrel « how 
many squirrels will be fed?" 

"A classroom has 56 hamsters in 8 cages. How msny are In each 
cage if they are equally d1 ided?" 
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°32 Boy Scouts were divided into 4 patrols. Each patrol nad just 
as marsy Scouts. How many boys were in eacti patrol?' 

"Jean works at the deli after school. She put 48 cans of peaches 
in bosses with spaces for 8 cans. How many boxes did she fill?' 

'If 72 apples are put into 8 bags with the same number in each 
bag, how many apples are in each bag?' 

'How many 20 cent candy bars can you buy for one dollar?' 

'How many weeks are there in 49 days?" 

'What is the cost of six 8 cent pencils?' 

'How many hours are there in six days?' 

'How many apples costing 20t can you buy for 80t?' 

'In cleaning up the playground, 34 students worked on Thursday 
and 48 students worked on Friday. How many studer is worked on 
the two dags?" 

The students picked up 432 cans and 172 bottles. How many 
more cans than bottles were picked up?' 

'in starting a school garden, the sixth grade bought 7 packets of 
seed, 15 tomatoe plants and !2 pepper plants. How many thiniij 
did they buy?' 

'Janet picked 14 tomatoes after school. Her sister picked 9 more 
than Janet did. How many tomatoes did her sister pick? 

Tern had some beads for a necklace. When Elly gave her 15 
more, she had enough to ma^e a 34-bead necklace. How many 
beads did Terri have to stai t with?' 

'Peter has 12 cassette tapes that play for 60 minutes each. How 
many minutes would it take to listen to all nf the tapes?' 

'A factory has 260 chairs. One store ordered 144 chairs. Another 
ordered 152. How many more chairs does the factory .leed to fill 
both orders?" 
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*A carton holds 15 screwdriver sets. Eacli set has 6 
screwdrivers. How many screwL ivers wfll be sent out in 8 
cartons?" 

'It the school store has 120 pencils at the beginning of the week 
and 63 at the end of the week, how many pencils were sold during 
the week?" 

"If the school store sold 29 green binders and 34 blue binders, 
how many binders were sold in all?" 

"If the store sold 93 notebooks In April and 134 notebooks in ^ag, 
how many fewer were sold in April?" 

"The football team agreed to share the cost of the hamburgers and 
cakes equally, if these totalled $1 1.92 and 1 1 "layers shared tlie 
cost, how much did each pay?" 

"If 45 seats are In 5 equal rows, how many seats are in each 
row?" 

"How many cookie 

s would each person get if a bag of 144 cookies was shared by 24 
students?": 

"How many oranges are in 6 crates that hold 86 each?" 
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SOME PROBLEMS TO USE FOR GROUP SOLVING AND DISCUSSION 
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Problems without Questions: Children supply Questions 

1. Frank bought 5 pairs of skates for a total of $200.00. He 
sold them for $65.00 a pair. 

2. Mrs. Peterson can make 10 quarts of strawberry/rhubarb 
sauce at a time in her soup kettle. This past summer she 
canned 6 gallons of sauce. 

3. A recipe for cookie dough is enough to make 3 dozen cookies. 
Joan's sister made a 4~recipe batch. 

4. The following price list is at the sporting goods store: 

Hockey sticks 
Hockey gloves 
Hockey helmet 
Hockey shin pads 
Ho^^ey shoulder pads 
V ..;key skates 

5. Tina and Vera play basketball. Here is their scoring so far. 

Game I Game 2 Game 3 

Tina 15 17 14 

Vera 21 16 19 

6. Jean sold 9 boxes of Christmas greeting cards last week. 
She paid $1 .50 f or each box and sold them for $ 1 2.25 

7. Peter has 4 pairs of slacks and 3 sweaters. He can wea*" 
any sweater with any pair of slacks. 

8. Ronald runs for 10 miles each Monday, Wednesday and Friday, 
and 15 miles each Tuesday, Thursday and Saturday. 

9. A class ordered soft drinks for a picnic. They ordered twice 
as many cokes as root fcaer and one more orange drink than 
Pepsi. There ere 12 ccle drinks and 7 root beers. 

1 0. When Jim applied for a Job, there were several others who 
also did. The Hardee's manager said, "Show me how to make 
change for a 25$ piece without using pennies." 
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PROBLEMS TO SOLVE AS A GROUP EFFORT 



1. When John bought a new house, he found a place with a pen meter of 
18 ft. where 20 tiles were missing. If each tile is a square foot, how many 
tiles were missing? 

2. When Jacqueline went to work as a babysitter, she greed to pay of $5 
plus a bonus of $1/hour for each. hour spent. The Jacksons went out for 6 
hours one night. How much was Jacqueline paid? 

3. Time found t'nat 4 out of every 1 0 kites made by a certain company 
have one cracked strut. How many cracked struts would he find in a 
shipment of 250 kites? 

4. Theresa has 10 pages of science to read before class. If each page 
has an average of 40 lines and each line an average of 1 0 words, will she 
have time to read these 10 pages if she reads at an average rate of 30 words 
per minute? 

5. Tom is learning to play a new guitar. He had learned 3 songs on his 
friend's guitar. At the end of the first week with his own guHar, he could 
play 5 songs; at the end of the second week, he could play 8 songs; at the end 
of the 3rd week he could play 12 songs. If he continues to learn new songs 
at this rate, how many will be know at the end of the 10th weeki 

6. Fritz has $15 to buy pap for a party, if Pepsi costs $3/case and Coke 
$4/case; if he buys at least one case of each, how many cases of eac^ does 
he buy? 



How many different ways are there to get from A to B using the 
doors? 

8. Tom bought 8 erasers marked "2 for 251" How much did he spend? 
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9. Joanne saves 50f of every 13.00 she earns. If she earns $24.00, how 
Rftuch does she save? 

1 0. On Loon lake, there are 5 motorboets for every 3 canoes. On a Sunday, 

Tom counted 25 motorboats. How many canoes were on the lake? 



PROBLEMS TO DETERMINE OPERATIONS TO USE 

1. Paul climbed up the tree to get as close to the top as he could. How 
much more must he climb? 

2. Susie ate some cookies end shared what was left equally with her 
friends. How many cookies did each friend get? 

3. Trm'i. dog weighs 3 1/2 times as much as Louise's cat. How much 
does Tom s dog weights 

4. John bought several cases of soft drinks having the some number of 
cans in a case. He and his friends drank some. How many cans were 
left? 

5. Lewis runs a mile in several minutes. Franko takes longer to run 
a mile. How much longer does it take Franko? 

6. The Bears won some games; lost some gomes and tied some games. 
How many games did the Bears play? 

7. Bananas are on sale for so much per lb. How much did Tom's mother pay 
for a given number of pounds? 

8. The earth is a given distance from the sun. Mars is a greater distance 
from the sun. How much closer to the sun is the earth? 

9. Empty bottles are sorted out into bottle coses. How many cases ere 
needed? 

to. Ike's bicycle got a flat halfway between Pottsville end Center City. 
How far had ike travelled? 
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PROBLEMS TO USE - MISSING INFORMATION 

\. John sold both wild rice and blueberries He sold wild rice for $400 
per pound and blueberries for $2.00 per quart. How much did John make? 

2. Paul can cut a lawn in 3 hours How nr^any lawns did Paul cut? 

3. Grace nnede ten dozen cookies to sell. How much did Grace receive 

lor her cookies? 

4 Tom spent $6.89 at the store for school supplies. How nnuch change 
did he receive? 

5. Jean played 5 casettes during one week. How much time did she spend 
listening to cassettes? 

6. All horses have four legs. How many legs are on all of the horses 
in the corral? 

7. A school bus can carry 48 passengers. How many buses will be needed for 
the First Elementary School? 

8. John had 50 Indlenhead pennies in a box. He added some more. 
How many did he add? 

9. Frances took her change as a dime, a nickel and 3 cents. How 
much did the pencil cost? 

10. Thirty students took out library books. How many did not return 
their books? 




PROBLEMS TO USE - USING APPROPRIATE DATA 



1. If six Huskies pulling a sled can travel 24 miles per hour for 12 hours 
each aay with a load of 600 pounds, hew nnany miles to they average 

in a day? 

2. Tom raised bunnies. He sold 6 of those he raised for 124 apiece. 
He had 8 left to sell. How many bunnies did he raise? 

3. Joyce nought 6 cartons of milk. She paid $3.00 for these. Two of the 
cartons were sour. How much did each carton cost? 

4. Eileen read the s':gn as: "Coffee $2.69 

Eags $ .55 
Butter $1.29 

Milk S 2.09" 

She bought milk and eggs. How much did she spend? 

5. Fred bought a shirt for $4.00, a sweater for $1 5.00, and 6 pairs of 
stockings at $1.98 each. He returned 3 pairs of sox. How much 
monei, did he get back? 

6. The Boys Club sold magazine subscriptions to raise money. They 
sold 90 subscriptions and made $1.50 on eech subscription. They also 
sold books costing $5 or $9 each. How much money did they raise 
through selling magazines? 

7. Popcorn is sold in 10 poun^i drums for $30.00. After being popped it 
is sold in bags costing 35$. How much do 8 bags of popcorn cost? 

8. Here are the savings lor the Jones brothers. 

Tom - $6.95 

Bob - $6.25 

Sam - $7 15 

Harry - $5.90 

Bod saved how much less than Tom? 

9. Joanne had 24 popsicles. She ate 3, 4 melted, and she gave 12 away. 
How many popsicles did Joanne start with? 



LEVEL FIVE 



last aear the Cass kept e record of the days when snow fen. They found the following 
Write on the board or overtiead: 



October 

November 

December 

January 

February 

March 



2 
9 

14 
12 
15 
8 



-How can we show thit information in a groph?" 
BAR 6RAPH Chosizontal) 



ft 



ffl; 



nm 



HJ 
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VERTICAL BAR GRAPH 



B 



CIRCLE SRAPgl 



October 




Use epproximbtion to get these. There are 60 days of snowfall. 1/4 ere in February; 1/ 
in January, etc. 
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Pass out the wodcsheets. Have children moke bar graph and circle graph for each set of 
data. 



LESSON TWO: Interrretlno Graphs 

Make an overhead transparency of the graph provided Place this on the overhf^ad. 

"This is a graph of the favorite soft drinks of a group of students. Lei's answer some 
question s about this graph and the information on it." 

"Which is the most popular drink?" 
"Are any drinks of equal popularity?" 
"Which is the least popular drink? 
"Is there a third most popular drink?" 

"Do the children preferring orange ir white soda equal those preferring cole?" 

"Twice as many children prefer co'a as prefer what drinks?" 

"More than twice as many children prefer cola as what other drinks?" 

Use the transparency of the circle graph provided: 

'Which is the most popular cereal? 
"Which is the least popular cereal?" 
"Do more people prefer hot cere*^ or cold cereal?" 
"What is the popularity of the cereals in order? from most popular to least 
popular?" 

"How could we put this same informotioi. ^r.to a bar graph?" 

The latter question will take some time. The parts will have to be totalled in order to get 
some comparison between the parts. Angle measurement may have to be introduced so 
numbers can be assigned to the parts. 

LESSON THREE: Using Tables 

Put an overhead transparency of Table 1 provided on the projector. 

"This is a table of the paper loops: a student added to make a Christmas tree chain. He 
worked for seven days end stopped." 

"HOW many loops were in the chain at the end of the 4tn day?" 

"How many loops more did he add each day than he had added the day before?" 



ERLC 



"IT he conimuea the chain tot 2 more days, now may loops would ue m the chain?" 

"Can you write a formula for finding the length of the chain when you know «jow nnany odys 

he worked?" 

Now put a transparency of Table 2 on the overhead. 

'How do we find what to enter for "miles travelled"?" 
"How do we determine miles per gallon?" 
"What was total miles driven In this period?" 
"What was the total number of gallons of gas consumed" 
"What was the AVERAGE number of miles per gallon?" 

Ask the class to find graphs and tables in newspapers and magazines to bring to class. Use 
these for group activity for interpretation. 

Prepare questions about these tables and graphs. 

Have students suggest questions that could be answered by study of the tables and graphs. 
LESSON FOUR: Making Circle Graphs 

Circle graphs may necessitate dividing a circular region into sectors using ang!e 
measurement. Here ere some basic facts that students must use to do this. 

I. There are 360^ of^rc in the circle and the sum of all of the central angles of a 
circle is 360^ ^ - ' 



2. Central/ 9 can be found qs fractional parts of 360o. Thus the regions formed will 
be fractional parts of the circular region 




rfi < x*m < y*m < z*m<w =36C^ 
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n 






V 





e central (of 90 divides 
into fourths 



8 central /.of 6(F 
into sixths 



a central Lai 72° 
into fifths 




a central ^of \20^ into thirds, etc. 
Consider this data: 



Big Mac - McOonQld's 
Whopper - Burger King 
Double burger - Wendy's 
Roast Beef - Hardee's 



Protein Grams 
26 



26 
44 



21 



We could graph the relative amount of fat in each. 

1. Total fat grams = 126 

2. 3600+ 126 s 3-0= 126 

3. 3 X 33 » 950 or so for Big Mac 
3 X 36 s; 110° for Whopper 
3x40 2f 12C0 for Wendy's 

Balance for Hardee's 

Result: 



Fat Grams 

33 



36 

40 



17 
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GRAPHING: Sources of Deta 

Class activity should generate data to be used for graphing activity. Some sup'«estions for 
this include: 

1. "Write down a num^jer between ! and 10" 

2. The months in which students have birthdays 

3. The number of brothers end sisters 

4. Target circle games - dropping onto a target circle from a height, etc. 

5. Word counts from magazine and newspaper clippings. 

6. Vowel counts in a set of words 

7. Spinner games 

a. Tossing games - into cups, etc. 

9. Word lengths 

10. Student heights and weights within ranges - 1 inch, 5 pounds, etc. 

11. Rolling dice 

12. Tossing coins - one, two, three at a time 

13. Tallying days of snowfall or rainfall 

14. Counting makes of cars in a parking lot 
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GRAPH I 



Percent 

of 
SltttfeRts 

SO 
45 

40 I — 
35 
30 
25 
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15 
10 
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TABLE I 



Day 

loops Added 



1 1 



13 



15. 



17 



Chain Im t^ih 



12. 



16 



20 



.24_ 



28 



12 



TABLE 2 



flUeage at Start 


8930 


9210 


9320 


9510 


9730 


Htleege at Time 
Tank Filled 


9120 


9320 


9510 


9730 


9900 


Miles Travelled 


190 










Gallons to Fill Tank 


10 


9.5 


11 


14 


6 


Miles Per Gallon 


19 
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LEVEL FIVE 



MEASUREMENT 
LESSON ONE: Leng th 

introduction: Review the meesurenf^ent of length using the standard units of 
inches end centimeters. Use overhead transparency rulers and lines on 
transparencies to: 

1. Measure to the nearest UNIT 

2. Measure to the nearest parts of units, such as "1/4 in ", etc. 

Give students the worksheets to complete. The group measurements should 
involve objects in the room. 

LESSON TWO: Area 

Introduction: Use a centimeter square graph paper with shapes traced on it 
to review the counting of square units within the shapes Point out how 
sometimes halves of squares can be added together to get squares, while at 
other times good estimates have to be made of the total of several small 
parts of squares. 

Pass out the worksheets for students to work on. Thp , should be used in 
sequence: 

1 . Shapes on graph paper 

2. Shapes to cover with graph paper transparency 

3. Shapes to find area for using dimensions given. 
LESSON THREE: 6eoboards 

Introduction: The use of geoboards should be easy to introduce after having 
had graph paper introduction to area Use geoboards that have a rectangular 
coordinate system as background: 
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start by framing with bands a few shapes that have right angles and sides 
along the lines of the coordinate system. 



etc. 




Then use a band to divide squares and rectangles into 2 parts 




Point out that each RIGHT TRIANGLE formed has an area 1/2 that of the 
shape it is in 




flake a rectangle on the geoboard: 



Use a second, different color band and make a parallelogram over the 
rectangle. 



t 




"How does the area of this shape compare with the area of the rectangle?" 

Point out that the RIGHT TRIANGLE taken off is the same as that added on to 
the right. Each is half of a 4x I rectangle Move the second bond to the new 
position shown: 



"How does the area of this parallelogram compare with the original 
rectangle? 

Again equal triangles are involved - one token away and the other added to 
the rectangle. Each is half of a 2 x 3 rectangle 



1G8 



0 



z: 



"Wnet has stayed the SAME in changing the rectangle into parellelogrems?' 
Continue questioning until you get at the idea that: 



1. The base is the seme, end 

2. The height (distance between opposite bases) is the f ame. 

GENERALIZATION: AS LONG AS A SIDE AND THE DISTANCE BETWEEN IT AND 
THE OPPOSITE SIDE ARE THE SAME, THE AREAS OF PARALLELOCiRAMS WILL BE 
THE SAME. (Including rectangles) 

LESSON FIVE 

Introduction: flake a rectangle on the geoboard. Stretch a band on a diagonal 
to make two congruent right triangles. 

"Each triangle Is 1/2 the area of the rectangle."* The rectangle and triangle 
have a side in common and the same height." 

Elaborate on this theme with other rectangles. Make a parallelogram on the 
geoboard. Stretch a band along a diagonal to make two congruent triangles. 
"Each triangle is 1/2 the area of the parallelogram." 

"The parallelogram and the thangle have a side in common and the same 
height." 

If necessary, use the template to make paper rectangles and parallelograms. 
Have the students cut them in half along diagonals; both diagonals for 
parallelograms; and match them to be sure they are convinced the twu areas 
of triangles formed are equal. 
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Ask why thp area of triangle A is eqyal to the area of triangle B. 
LESSON SIX: Missing Dimensinns 

Once students know how to use two dimensions to find area of rectangles 
end parallelogranss, they should be able to use area and OME dimension to 
find the second. 

Put a rectangle made of graph paper on the overhead projector: 



"What is the area Inside of this rectangle?" 
"What is the length?" 
"What is the width?" 

"If 1 know the length end width (point to each), how do I find the area?" 
"If I know the area and one side, how do I find the other side?" 

Write: 

Area = 3x7 = 21 
Width = 21 -7 = 3 
Length = 21 - 3 = 7 

Assign the worksheets in order: ( i ) graph paper 

(2) 'open" shapes 

LESSON SEVEN: Review of Volume 

Introduction: Review the idea of CUBES In volMme of rectenguiar solids by 
building a few from inch cubes or MULTILINKS. Remind the students that the 
volume is found using the THREE dimensions of the rectangular solid. 
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The worksheets provided have solids to find volume of. 
LESSON EIGHT: Geoblocks 

The attached forms describe all geoblocks in a set. The cube labelled "ONE" 
is to be used along with those circled. 

Use these to show the students how volumes can be related to other 
volumes. In particular the triangular prisms should be shown to be half of 
rectangular solids like right triangles are half of rectangles. Worksheets 
are provided to have students calculate volumes of cubes and triangular 

prisms. 



Ill 
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lESSON NINE: Creating More Problems 



Write this number sentence on the chalkboard: 8 ♦ 7 = 5 x 3 
"Both sides are 15." Circle 8. 7 = 5 k 3 

"Try to write a story probleni that uses, 7, 5 and 3 with a question that "8" 
answers. 

Discuss these. Pay particular attention to proper interpretation of the 
operations into language. Discuss the variety of problems and different 
kinds of problems. Follow by selecting each of the remaining 3 numbers as 
the "answer" and having children write these problems. 

Pass out the worksheets and have children write problems 
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THE ROD CmE 



n WHITE = W 
I I RED = R 



6REEN = G 



PURPLE = Y 



YELLOW = Y 



DARK GREEN = 0 



BLACK = K 



BRO^N = N 



BLUE = E 



0RA?i6£ 0 



0 



ORANSE * ssiGtlier roil in a train = 0-^ 
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LEVEL FIVE 

FRACTIONS 

LESSON OWE: Review of Basic Operation 

Intioduction: Place a cuisenaire D rod on the overheat, with G and R rods 
below it: 





D 


1 


G 






R 







"D is one. What fraction is 6? R?" "Which is longer?" 'Which fraction is 
greater, t/2or 1/3?" 

Join G 5. R. 

"What is the result of adding 1/2 to 1/3?" Compare G with R: 

CZZI 

"What is the difference between 1/2 and 1/3?" 
You may have to emphasize the fact the W r 1/6 when D = 1. 
"How meny R rods or 1/3's can be made from the 6 rod or 1/2?" 
Write: 1/2 -1/3=1 1/2. 

"How many G rods or 1/2 can be made from the R rod or 1/3?" 
"Only port of a 6 rod can be made, so the result is a fraction " 



Mr |w 


W 


G 


R 




W W 



Point out the R rod is 2/3 of the 6 rod, so 1/3 + 1/2 = 2/3 * 3/6 = 2/3 



lie 



"Is there a rod that Is 1/2 of 1/3?" 

Write 1/2 K 1/3= 1/6 

"Is this same rod 1/3 of 1/2?" 

Point to the three W's that are equivalent to the 6 or 1 /2 rod if necessary 
LESSON TWO: Review of a Common Denominator 
Place a square divided into fifths on the overheed: 



This one is divided into FIFTHS ' 
Cover 3 of these: 



"What fraction is now showing?" 

"I will take 1/3 of this fraction." Place a square divided in THIRDS over 
this: 





1 











"How many part© aro thor© here?" 

"What Size are these parts?" Emphasize how the FIFTEENTHS are obtained. 
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"Does 8 FIFTEENTH measure a THIRD? How many are needed?" "Does a 
FIFTEENTH measure a FIFTH? How many are needed?" 

A FIFTEENTH is a COMMON measuring unit since it measures both." 

Consider this case: 

3/5 , 2/3 

"What is the common measuring unit?" "This is a common denominator?" 
Write the fractions with this new denominator 
9/15 10/15 

'Now these are like anything else that could he named, such as 9 Doxes and 
10 boxes, or 9 cookies and 10 cookies, so they are added, subtracted, and 
divided the same way." 

Joining we get: 9 ♦ 10 = 19 

15 15 

Finding the diffsrence, we get: 10-9 =1 

15 15 

Dividing we get: 9^ 10 = 9/10, or 10-9 = 10/9 
3/5^2/3 = 9/15- 10/15 = 9/10 
2/3 - 3/5 = 10/15 - 9/15 = 10/9 

Pass out worksheets for students to complete Have cuiseneire rods handy 
for students who need to use them. Remind them to use: 

D = ONE for sixths, halves and thirds 

N = ONE for eighths, fourths, halves 

0 ♦ R = ONE for twelfths, sixths, fourths, thirds, halves 
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Also remind them to multiply both numeraicr and denominator by the 
denominator of the OTHER fraction in changing to equivalent fractions with 
9 common denominator. 



1/2 X 1/3 

3k 1/2 = 3/6 , 2x 1/3=2/6 
1/5 + 2/3 

3x 1/5 = 3/15 , 5x2/3= 10/15 
lESSQW THREE. Rectanole hultiolication 

Write 2/5 X 2/3 on the board. Put a graph paper transparency on the 
overhead end made 8 3x5 rectangle on it. Point out this is the product of 
the denominators. 



i miits firs In 



Now make 8 2x2 rectangle inside of this. "How many units in this?" 
Our product then is 4/15. 

Do 8 second problem as suggested by the students. Use additional 
worksheets that involve more complex problems. 
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LEVEL FIVE 

DECIMALS 

Background: Students must integrete the concept of f recti on es "equal parts 
of a whole" with place value representation to understand decimal 
representation. 

Several models can Sje used to Illustrate decimals Students should have 
been exposed to all of these at Level Four. These ore: 

Cuisenaire Rods with 0-the orange rod - equal to ONE Each 
of the remaining rods then represeni TENTHS. 

Base Ten blocks with the TENS pieces representing ONE. 
The ONES pieces then are TENTHS. When the HUNDREDS 
piece represents 0?€, each TENS piece is a TENTH and the 
ONES pieces are HUNDREDTHS. 

Hundreds square graph paper that con be shaded in 
to show decimal parts 

LESSON ONE. Review: Reading decimal numerals 

Write 125 on the overhead or chalkboard. 

"Read this numeral in words," (one hundred twenty five - DO NOT PERMIT 
AND' AFTER THE HUNDREDS PLACE!!!)." 

"What digit is in the HUNDREDS place?" 

"Whot digit is in the TENS place?" 

"What digit is in the ONES place?" 

"What does the '2 count?" 

"How mjny tens are in the number?' 

Differentiate between 12 tens and the 2 in the TENS place. 

Write 3.85 on the overtiead or chalkboard. 
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"What does the 3 count?" (ONES) 
"What does the 6 count?" (TENTHS) 
"What does the 5 count?" (HUNDREDTHS) 

Place 6 hundredths graph on the overhead 



'Each square; ts QUE 
divided up Into e 
hyndred equal ports." 



rrni 1 1 1 1 1 1 M III ittti 

Shade in the 3.85 on this: 




"How much is this less than four?" 

"is this more or less than half of a 4th ONE?" 

Emphasize the difference between TENTHS and TENS 

HUNDREDTHS and HUNDREDS 
Do several examples, showing the graphic representation each time. 3.08, 
2.50, 1.96 for example- 
Assign the wodcsheets for children to complete. 
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COnPUTATIQN m BASE TEH BACKGROUND INFORnATIQN 



Cliilfiren stiould have tiad previous experience with oral retieersel 
of multf plication facts for small numbers less than ten such as 
7x8 = ?. They should also have had experience with responding to 

open sentence stimuli like 9x6 = and = 4x7 for these 

same numbers. The Idea that miiltlpllng hy the tens place so as to 
change each place value digit to count the next larger group size 
should also have heen well developed and the children should hdve 
had oral practice and written practice with stimuli like t3x 10. 
24x10. etc. Thsy also should have lin'nediBte response knowledge 
of the effect of multiplying by the hundreds lace on which group 
sizes the digits In the positional notatio nrepresentatlon are 
counting. I.e., 100 x 7 =: 700, 100 x 14 = 1400. Such knowledge is 
prerequisite to using multiplication in a place value system. The 
'besic facts' of place value multiplication must be done with 
understanding. These are before regrouping. 

Counters x Counters = Counters 
Ones X Base = Base 
Base X Base - Base Squared 
Base X CBase)"^ = Base Cubed, etc. 

In base ten these translate into seven x three = twenty-one 
three = 21 (after regrouping). 

10 X 7 = 70 (7 tens) 

30 X 20 = 600 (6 hundreds where hundred = Cten)^ 
20 X 400 8000 (8 thousands where thousand = (ten)3 

6ive some oral review of ten times various one and two digit 
numbers end one hundred times these. Then try 20 times 30. 
Remind students that these products have 2 important features - 
the counter multiplication is like that with small numbers and 
the place value group 'size increase" feature. 
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General Review of COMPUTATfON: 

1. Periodically give a multiplication table to complete. 

2. Use overhead transparency base ten blocks. Arrange these on the overhead so a cover can 
gradually be slid away to reveal hundreds, tens and ones arranged in different ways. Students 
are to give the total shown each time the :over is moved, (see. Level Four: Lesson One) 

LESSON ONE: Multiplication 

Use graph paper franspurency that is marked into one hundred blocks. Write a problem on the 
board, such as 32 x 27. On the graph paper, outline as shown: 



10 10 10 2 
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J 
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. Li 
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Jl 
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jj 
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..! J 


.1 
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I iTTi 


JJ 




JJIU 


Tl 



Point out the partial products: 

32 32 
x27 x27 
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I. 30 X 20 = 600 



2. 20 " =40 



32 32 

X27 x27 

3.7x30 = 210 2x7= 14 

lota! = 864 

Write this as expanded notation: 

32 = 30*2 
27 = 20 W 
Show the same 4 partial products 

Write this as a binomial product: (30 ♦ 2) (20 + 7) and multiply first by 30, then by 2 to get 
600 * 210 + 40+ 14 = 664 

Remind the students T can represent ten so 30 = 3T, 50 = . 
TxT=T2 so3Tx5T= I5T2 or 15 x 100= 1500 

Pass out worksheets for students to work on. Allow for use of base ten blocks if these are 
needed by some students. 

LESSON TWO: Multiplication 2 

Use base ten blocks in overhead transparency form. Write a multiplication example and place 
the corresponding base ten blocks in standard computation form: 



□ □ □ □ □ 

35 
X 26 

□ □□□□ 
□ 
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"Whet Is the result of muUlplytng 2 tens x 3 tens?" Put the hundreds in: 

□ DODO 



O D □ O □ 



"What Is the result of multiplying 2 TENS x 5 ONES?" Put in the tens 

□ □ □ □ □ 



□ □ o □ □ 

□ 



DO 



DOQO 



CO 



"What is the result of muUlplyIng 6 ONES by 3 TENS?' 

O O O o n 



O O O O O 
□ 



DQOD 



OQDOD 



Put these tens in place: 

o 





1 1 


1 1 


1 




1 


II 


1 L ,_ 


. 1 


1 


Jl 


1 L. 


1 


1 - 


'! 1 


1 1 


1 




1 


1 i 


I i 


i 


i 


T 1 


1 1 


1 



0 



O □ O □ 0 

□ □□□□ 

□ □□□□ 

□ □ODD 

□ □ODD 

□ □□00 



"What is the result of multiplying 6 ONES x 5 ONES?" 

Put these in also (2) 

"Whet exchanges can be made? 

First 30 ONES for 3 TENS, leaving 0 ONES 

Then 20 TENS for 2 HUNDREDS, leaving 1 TEN 

Then 10 TENS for I HUNDRED 

The total is then 9 HUNDREDS 

I TEN 

OONES 

Do a second example. Then pass out worksheets to do. Have base ten blocks available for 
those who need them. 
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LESSON THREE: Division 

Use overtiead transparency graph paper. Write a division example such as: 385 ^ 23. 
Mark off the division on the qraph paper. 
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"We must find the other side of the largest rectangle we can make from 365 units area." 

Go down ten units and drew a line (1). "How many units are used up if the other side is here?" 
(230) 

Subtract this from: 385 

-23 0 
155 

"We still have 155 units. How many 23's are in this?" 

This is a good chance to have the students estimate. Encourage them to use a low estimate. 
"We'll try 6 units." (2) 

C i 



This uses how many more units?" 

Subtract 238 from 155: 155 

dig 
17 

"17 is t o smell to make another row. So our longest side Is 16. 17 Is a remainder." 
Wr!te: 385-23= 16 R 17 

Do 8 second example. Pass out worksheets for students to complete. 
LESSON FOUR: Division by Places 

Introduction: This is a review of the traditional long division algorithm, but with an 
emphasis on the place value nature of the operation. Write the following on the board: 276 
13. 

Arrange the following on the overtiead projector with base ten blocks. Relate each group of 
blocks to the digits in the standard form: 



00 




© © 



©© 



2 7 6 

© ® ® 



© 



"What place is the result of dividing hundreds by the tens?" (TENS) 
"How many tens result from 2 hundreds - by 1 ten?" (2) 
Put the two tens as shown: 



li 



mil:: 



2 



0J ^ 



"2 tens X t ten equals how many hundreds?" (2) 

"2 tens X 3 ones equals how nnany tens?" (6) 

"We have used 2 hundred? sf^d 6 tens." Remove these. 




"What is one ten divided by I ten? (1 unit). Put that in the quotient. 




This unit times the divisor uses 1 ten end 3 ones." Remove these. 
These 3 units ere the remainder. Write: 276- 13 = 21 R 3. 
"What if the divisor is 14?" 




"2 hundreds divided by 1 ten still gives an ESTIMATE of 2 items. But when we multiply 2 tens 
X 4 ones, 8 tens would result, and we have only 7 tens so the ESTIMATE is too high. We con 
use only 1 ten. 
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*t ten multiplied by 1 ten gives 1 hundred." Remove one. 
"The ten multiplied by 4 ones gives 4 tens." Remove 4. 




"We have already divided hundreds by tens, so what must we do with the hundred?- (trade for 
ten tens.) 

Then we can try numbers of one 9 or less." 
"Why must these be 9 less?" 

"Considering the number of ones in the divisor, what number less than 9 could you be st e of 
so that what is left of the dividend is enough?" Try 5. 




"5 times one ten = 5 tens." Remove 5 tens. 

"5 times 4 ones = 20 ones = 2 tens. Remove 2 tens. 



130 



That was a )ow estimate. No harm is done. We con still nftake the quotient larger How much 
more should we make it?" (accept any suggestion of 4 or less and try it.) The result should be 
276* 14= I9R 10. 

Contrast this with: 
10 4 



10 



100 


40 


so 


20 


40 


16 



276 
140 



136 

70 



66 
56 



to renaiB^r 

Have students work in pairs on worksheets provided 
LESSON FIVE: Horizontal Form 

IntrpdMction; Write 21 x 16. Arrange base ten blocks on the overhead. 



"2 TENS X 1 TEN equals how many hundreds?" 



K 
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"2 tens X 6 ones equals how many tens? 




"One X one ten equals how many tens?" 

ir x||:::= "||!|||| 

Hill I 

"One equals 6 ones equals ho\v many ones?" 




"What trade can we make?" 




Show this In symbols. 

(20* 0(10 + 6)= 200 

(20* 1) (10 ♦6) = 200* 120 

(20* I) (10 ♦6) = 200* 120* 10 

(20* 1) (10 + 6) = 200* 120+ 10 + 6 = 336 

Have students work in pairs on worksheets as provided. 
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LEVEL F IVE 



GEOMETRV 



LESSON ONE Review Afpr 

JNTR qpuCTION: In Level Four, students had to find areas using geoboards tsngrams end 
pattern blocks. This lesson is to review these ideas. Use a graph paper rectanqle on the 
overhead. ^ 

6 



The area in square units in this shape is the product of 3 x 6 = 18 
Alongside this place the following graph paper parallelogram. 





"What is the area of this shape?" 
Write in the dimensions as shown: 





The areas of rectangles and parallelograms are found by multiplying the height and a base. 





Point to tlie 
side stioiiin 



-Is this the height?" Discuss the difference between the height and the "slant" side of the 
parallelogram. Pass cut the worksheets for students to complete. 
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LESSON TWO: R eview Perimeter 



INTRWMCTIQW; Students have had eKperlence finding perimeters in Level Four. This lesson is 
to review that concept. 

"Drew 0 shape that has a lot of perimeter, but a little area " 

Discuss these to emphasize perimeter is length of lines "around" the shape - are is space 
"within" the shape. 

"Draw a shape that has a lot of area, but little perimeter** The shape that encloses the 
greatest area with the lest perimeter is the circle. Discussion of tf»is question should 
eventuQllg lead to that idee. Remind the students that triangles have 3 sides to add together 
to get the perin^ter, rectangles, squares and parallelograms have 4 sides to add together to 
get the perinroter, etc. 

^*we pairs of students complete the perimeter worksheets. 
LESSON THREE: Trienglfis 

|nt,n?0MPt|on; Put a graph paper transparency rectangle on the overhead projector: 
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"What is the area of this rectangle?" Draw a diagonal in this: 



"How many triangles are found?" 

"Each has what part of the area of the rectengje?" 

"Can any rectangle be divided into two parts this way?" 

"Will the two triangles formed always each be one half of the rectangle?" 

o 134 



Place a graph peper triangle trensperency on the overheed." 




"What is the height of this?" 
"What is the long side of this?" 
"What is the area of this?" 

Remind the students this Is half of a 4 x 7 rectangle so that the area is 14 
"Count end combine the squares to find the area a second way " 
Have students work in pairs on the worksheets provided. 
LESSON FOUR: Other Triangt<»<^ 

MpglMPtiop: Put a graph paper transparency parallelogram on the overhead. 

































t- 





























"What is the area of this parallelogram? It is 4 high and 6 on the bese." 
Draw 8 line in connecting two opposite vertices: 




"Are the two triangles formed alike?" 
'Each is what part of the parallelogram?" 
"What is the height of the parallelogram? 



"What is the height of each triangle?" 
"What is the base of the parallelogram?' 

"What is the orea of the parQllelogram?" 
"What is the area of each triangle?" 
In summary: 

Parallelogram 4{ht.) x 6 (base) = 24 area. Triangle is 1/2 of this or \ 2 each. 

Use a second graph paper parallelogram just like tne first. Draw the other diagonal on it: 
















/= 


















s 














s 





"Are the two triangles in the second parallelogram alike?" 
"is each half of the parallelogram?" 

"Does each have the same area as the triangles on the other parallelogram?" 

"Does the area in one triangle in the first equal the area of one triangle in the second?" 

"Do all four triangles have the same area?" 

Discuss this thoroughly. The triangles ALL have the same height and the same "base " 
Consider two triangles - one from each parallelogram by cutting ihe transparency and placino 
one triangle on top of the other: » h a 




These have the SAME base (point to it - 6) end the SAME height (point to these - 4) so have 
the same area." Each is half of the SAME parallelogrem.' 
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LESSON FIVE: Circles circumference 



Introduction: This will be a new topic for the students. Materials necessary are solid disks 
of different sizes, plastic covers of cans, empty cans, such as coffee cans, party nut 
containers, etc. 

Hove the students use . tring and measure the distance "AROUND" (CD several ccans, disks, etc. 
Also have them measure the distance ACROSS (d) the widest part of the circle. The results 
can be recorded in the accompanying record form. 

The results of calculating the ratio of C/d will be somewhere in the range 3-3 1/4 or 3 - 
3.2. The idea to emphasize is that it is CONSTANT, no matter how large the circle. 

LESSON SIX: Circles - Area 



Introduction: Have students use the squares on the graph paper transparency to estimate the 
AREA of the circle. 
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"What Is the distance Across (OIAMETER) of the circle?" 

The CIRCUMFERENCE (distance AROUND) is 8 little more than 3 x this." 

'Find CD divided by A". This should be near 4. Show a second circle and have the students find 
A, C,d and CD/ A. This should be near 4. 

Students should complete the table on the worksh^iet using transparency graph paper to lay 
over circles of different sizes. 

The shape that encloses the greatest area with the least perimeter is the circle. Discussion 
of this question should eventually lead to that idea. Remind the students that triangles have 
3 sides to add together to get the perimeter; rectangles, squares and parallelograms have A 
sides to add together to get the perimeter, etc. Hove pairs of students complete the 
perimeter worksheets. 
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LEVEL FIVE 

VOLUME: GEOBLOCKS 

Background: Review Level Four activities with geoblocks. The geoblocks in 
the o.lginal non-metric ESS set are described in the accompanying sheets. 
The^e are 7 different, but related, rectangular prisms. There are four, but 
different, cubic rectangular prisms. There are 13 triangular prisms that are 
related to the rectangular prisms. There is one right pyramid that is related 
to one of the cubes. There are enough of each kind of block in the full set so 
that the activities in the lessons can be done at a geoblock center, in this 
way only one set is needed for the class. The important ideas for students 
to get are: 

1. Solids that are the same fractional part of the same larger solid have the 
same volume 

2. Solids that are the same multiples of a given smaller solid ere equal in 
volume 

3. Solid volumes are usually measured by cubes 

4. Two or more shapes with the same volumes need not have the same 
surface areas 

5. Triangular prisms are always half of some parallelepiped just as 
triangles are half of some parallelograms. Right triangular prisms ere half 
of some rectangular prisms, just as right triangles are half of some 
rectangles. 

6. Pyramids are always 1/3 of a prism with the same base. 

The worksheets include worksheets for center activities. 

"Geojackets" ere made by tracing ALL of the faces of a solid in a net so that, 
if cut out of paper or cardboard, the net can be folded to make a hollow 
facsimile of the solid. An example is: 




Solid 




iloiyme I n 1 n 2 2 



Sen jacket 
2 



f 

1 




1 

1 








1 
i 









nrea« I * I *4C2) = 10 



Students should have transparent graph paper (1/2 in. squares) available to 
find total surfaces of blocks shown by geo jackets. 
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RELATIONSHtP 

Students al thfs level should have a fairly well developed sense of equQiity, 
so a little review of this is all that is needed However, they do need 
further developmental work with inequality. 

lES rON OWE: 

Use base ten blocks and a split boanl on the overhead. Place an arrangement 
as shown: 



□ □ 




□ 





"A number sentence that shows this is: 23= 10 ♦ 13." 
Rearrange to: 



□ 


□ o 

0 


□ □ 





Write a number sentence to show this." (1 1 * 12 = 10 + 13) 

140 



Do a few more and then have the children work on the worksheets. Provide 
base ten blocks for those who seem to need them. 

LESSON TWO: 

Prepare overhead transparency inequality signs to use with a transparency 
split board. Place the following arrangement of base ten blocks on the 
overhead: 





0 □ 


□ □ 


m 



Show the inequality sign. "Which way should this sign point?" 
Place it: 





□ □ 


□ □ 


J m 



Remind the children it always points to the smaller number. Do two or three 
more and then have the children work on the worksheets provided. 
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LEVEL FIVE 

OPEN SENTENCES: CONCRETE 

Introduction: 

LESSON ONE: 

Students hed woric with open sentences Involving trie use of Cuisensire Rods 
at Level Four. This is 8 different concrete model. Put the folowing split 
board arrangennent on the overhead projector 



• • 


• • # 




• • 












• • • 




• 



"How many are on each side?" Write: 9 = 9. Cover up the top five. 







• • 
















• 














• 


• • • 




• 



"We could write this as: 9= 0 "»^4." 

"Because we know 9 = 5 ♦ 4, we know five is under the covered part or 5 
goes in the D 

Put the following on the overhead: 

• f', 

o J. 

, ERIC 




"How many chips are hidden in this case?" Write: 



+ 4= i1 
□ + 4= 11 

"Seven is the missing number and goes in the D 
Put the following on the overheao: 




"There is an equal number under each cover. How many are under each?' 
Write: 

2 0 +2 = 10 
2 □ > 2 = 10 



Write: 



7 = 7 
5=5 
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"As long 8S we SUBTRACT the same amount from both sides of an equality, it 
remains an equality." "Look at the lest problem." 




"Would it be easier to see what is under each if 2 chips were taken away 
from each side?" 




Put the following oh the overhead: 




"How many chips should we remove from each side?" "How any chips are 
under each cover?" 

Hove pairs of students complete the worksheets provided. 
LESSON TWO: Review of Signed Numbers 

Introduction: This topic was introduced at Level four The important idea to 
reinforce is: 

To flake More Positive - add subtract - 

To Make More Negative - add subtract + 

Put the following array of 2 different color chips on the overhead. Define 
one color as =, the other color as -. 




"What number does this show?" (+3) 

"What should I add to make it more +?" 

Use a few cases 2 more 3 more to get +8, etc, 

"What could 1 subtract to make it more ♦?" 
"What would I hove to do to subtract 4 negatives?" 

the idea of changing to a new form by simultaneously adding or subtracting 
EQUAL numbers of ♦ and - should be reinforced here. 



Put this on the overhead: 



o 



o 



0 0 0 

o o 



"Do these show the same number?" "What is the number?" (-3) 
Consider this: 




"What do you think is under the □?' "Why do you think thet?" 
Remove a • from eech side: 





Do the ♦ and - on the left side add to 0?" "Then we can remove them. 




The board now shows 0 = *3. 



Show this: 




■What would you add to each side so the left side would be 



+ 0?'. Do that; 
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°0 

J o 

~0 0 

o 







"Whet does the board s*mp;ify to?" 





°0 

^0 0 

o 







"So □ = -7." 

Remind them that the bo**«'d stays in balance if the same thing is added to or 
subtracted from each side. 

Have students work in pairs on the worksheet using chips and split boards if 
they need these. Remind them the goal is to get 

D ♦ 0 on one side. 
LESSON THREE: Numerals 

Introduction: Students should work with 2 different color chips and split 
boards until they clearly see: 

1. The same number of * chips and - chips add up to 0. 

2. □ ♦Or 

I ^ 
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3. The same number of ♦ or - can be ADDED TO or SUBTRACTED FROM 
BOTH SIDES of the equality without changing it. 

Then the symbols can be worKed on. Write the following on the board or 
overhead projector: 

□ ^4 = 7 

"How much must be removed from the left side to get the 
alone, or 0 ♦ 0?" Subtracting 4 from BOTH SIDES gives. 

□=7-4=3 

Put the following on the board or overhead: 2 = D - 5. 
"What must we do tb get 0 * 0 on the right side?" (add 5) 

"Adding 5 to BOTH SIDES gives: 5*2 = 0 

7=0 

Write: 2 0 ♦ 1 = 9 

"What must be true of the right side to find the number for 0 ?"Worl< on the 
idee 2 0 means the other sioe is a multiple of 2 or divisible by 2. 

"Do we odd to BOTH SIDES or subtract from BOTH SIDES to get 2 + 0?" 
This gives: 2 0 = 9 - I = 8, so 0= 4. 

Do: 2 0 -3 = 7 

1. The right side must be divisible by 2 

2. Something is ADDED to BOTH SIDES to get 2 * 0 = 

Complete it: 20 =7 + 3= 10 
0 = 5 

Do as many as needed to translate from the concrete models to doing the 
same operations with symbols. Have students work on the worksheets in 
pairs. Have split boards and ? colors of chips for those who seem to need 
that support. 
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Beckground: Students will have had experience with recognition of 
similarities and differences of geometric shapes. They have also had an 
introduction to AND, NOT and IF-THEN. At this level, these are to be 
reviewed and OR is to be introduced. It will be helpful to review the Level 
Four lessons on this topic. 

t^EggPN pN^ ,Pevipw ftf AND 

Introduction: Use a full set of transparency attribute pieces. Make these of 
red, green and blue transparency film using the shape template provided. A 
full set should be: 



This is a total of 24 pieces. Place the following arrangement on the 
overhead: 



One at a time show a piece end ask the students whether it should go into 1, 
2, 3 or 4. 

After all pieces have been sorted, ask the students how to describe the 
pieces in 2. (GREEN AND SQUARE) 

"How would you describe the pieces in 1? in 3? in AT 




small 



O t\ 




J no 



Give plenty of time for discussion of these. Some possibilities are: 

for 1 - ell squares thst are not green 

red and blue squares 
for 3 - all blue pieces that are not squares 

blue rectangles, triangles and circles 
for 4 - red and green that are not squares 

red and green rectangles, triangles and circles 

Do another: 
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Assign pairs of students worksheets to complete. Each pair should have a 
set of the logic materials to use. 

LESSON TWO: Use ot MOT 

Introduction: Using NOT alone to show the absence of a property for 
attribute is not too difficult for students. They recognize when we have 
this situation.: 




\i is the use , . OT combined with AND that presents problems to many. Use 
e transparent 2 loop woncmat and transparent attribute pieces. Label the 
two loops: 
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Pick up pieces one at a time and ask where the piece goes - in region 1, 2, 3, 
or 4 Emphasize why the triangles must go in I or 4 as these are placed. 
Continue until ell pieces are sorted. 

Arrange this situation: 



Have all pieces showing on the overhead. 

Ask students which pieces should go into region 1. Discuss this as to the 
appropriateness of the pieces suggested. Do the same for each of the 
regions 2, 3 and 4 until all pieces have been sorted properly. 

Assign pairs of students to work on the worksheets. Have the attribute 
pieces available for them to use. 

LESSON THREE: Use of IF-THEN: 

Introduction: Place a small collection of the attribute blocks on the 
overhead. An example is shown to illustrate the kinds of questions to ask 
the students: 




4 



■X ^ 3 



© 
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"ff I see Q rectangle, what color is U?° 

"I can say 'If rectangle then green... 
Write: If I I .then 6 

"If a piece is blue, what shape must it be?" Write. 



If B, then(Z) 



"Suggest other IF-THEN sentences that are TRUE of this set of pieces. 
Write down all suggestions. The complete list is then: 

If 6, then c 



If O 



, then B 
If i I , then 6 

if B, thenC3 
Put a box around a sentence. For example: 




There are several other pieces in our set of attribute blocks. What piece 
can I odd to the collection you see so that ONLY THIS STATEMENT will no 
longer be true?" (any non circle blue piece will work). Add one of these to 
the collection. 
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"Which part of the statement. If B or then C3 , did we make false to 
make the whole sentence false?" Remove the piece last added. 

Put a different statement in a box. 

"What piece in the set can I add to the collection to make only THIS 
statement FALSE?- 

Repeat this activity until the students can (I) find the statements TRUE of 
any small collection of the 24 piece set, and (2) find a piece to make FALSE 
any chosen TRUE statement. 

Give pairs of students worksheets to complete, using attribute blocks If 
needed. 

Give pairs of students worksheets to complete, using attribute blocks if 
needed. 

LESSON FOUR: Use of OR (^^cMi^iw\ 

BiStoyofl; There are two kinds of OR. The most common is "exclusive or", 
or either-or. Satisfying one of the conditions linked by OR precludes 
satisfying the other. Example: 

He lives in Ely or Center City. If a person lives in Ely, 
he can't live in Center City, if living in Center City, 
he can't live in Ely. 

This kind of OR is diagrammed as follows: 

I RED j f GREEN t 

If an object is red, it can't be green and vice versa. 

The other kind of OR is AND/OR or "inclusive or". This includes the 
possibility of satisfying BOTH conditions linked by the OR. This is 
diagrammed as follows: 
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There are RED 



s 



, or things that are RED AND square. 



One can usually dtstinsufsh between these two by looking at the conditions. 
If both involve the SAME property, it is EXCLUSIVE OR. An object can't be 
red and green at the same time. If the conditions involve DIFFERENT 
properties, it is INCLUSIVE OR. An cbject can be red and square at the same 
time. 

students will not immediately see the difference between these, so this 
lesson should be repeated and the use of 'or" analyzed where it appears in 
print regularly. 

Introd HCtjon: Place two loops on the overhead projector: 




"If an object is in I, can it be in 2 or 3 at the same time?" 
"It is either in I or 2 or 3." Change these labels: 
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"If we sorted the attribute blocks, they would go into 3 distinct groups. No 
piece would belong to 2 groups at the same tinie." 

'We say a piece is red or blue or green and nriean if one color, it can't be one 
of the other colors." 

"This is called EXCLUSIVE OR". 

"For each sentence, I want you to tell me if the OR used is EXCLUSIVE OR." 

"Red or blue 
blue or green 
blue or square 
green or triangle 
rectangle or blue 
circle or triangle 
circle or square 
square or green 
triangle or red" 

Assign the worksheet for students to work on in pairs. 
LESSON FIVE: Use of OR Onclusiva nr) 
Introduction; Arrange the 24 pieces as shown: 




8 



4 


AA 


5 0 






r*-i » 
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"How many pieces are within BOTH of the loops?" (12) 
"Are the red circles included in this collection?" 
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"Do red circles belong to the RED group and the CIRCLE group AT THE SAME 
TIME?" 

Ten everything inside the loops be described as RED OR CIRCLE?" 

Note that those inside the loops that cannot be described by RED can be 
described by CIRCLE so ALL are described by RED OR CIRCLE. 

Put this on the overhead- 




"Which pieces go inside of the loops?" Place all pieces inside the regions 1, 
2, or 3 as suggested. 

These pieces are all BLUE OR RECTANGLE." 

Point out that this use of OR includes those that are AND, so it Is sometimes 
used as and/or. 

Give some examples, such as "boys or baseball players." 

"Is it possible to be a boy and a baseball player AT THE SAME TIME?" 

This is INCLUSIVE OR." 

Ask the students for phrases including or that ere inclusive or because 
sunething can satisfy both descriptions at the same time. 

Assign worksheets for pairs of students to complete. 
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Here ore some actlvUles to use at different times to involve students with 
logical thinking. 

Tom has two glasses of the same tcind. One is half full of water, the other 
is half full of Kool Aid. Tom takes an ounce of Kool and mixes it into the 
water glass. Then he takes an ounce of the miKture and mixes it into the 
Kool Aid glass. Is there more Kool Aid in the water glass or water in the 
Kool Aid glQss? Why? 

Two boys look exactly alike, dress exactly alike, have the seme date of 
birth, live at the same address, have the same parents and yet are not twins. 
How can this be? 

Joanne needs five liters of water. She has a three-liter bottle and a four- 
liter bottle. She has no other containers to use. How can she obtain five 
liters in these bottles? 

Bob worked at a grocery store. In the storeroom he found 3 boxes of nuts 
with three labels, "walnuts", "peanuts", and "walnuts and peanuts." He stuck 
the labels on the boxes without looking inside. The manager opened a box 
and told Bob ALL of the boxes were marked incorrectly,. How did he know? 
How could he replace the labels without opening all of the boxes? 

At the school race, six girls ran in the 200 meter run As the winner broke 
the tape, the following was noted: 

1. Florence was 25 meters behind Jene. 

2. Jane was 15 meters ahead of Paula 

3. Barbie was in a tie with Jackie 

4. Paula was 30 meters behind Francie 

Who was 5 meters ahead of Jackie? List the order the girls were in os the 
winner crossed the finish line. 

Barbara, Joan, Lil and Grace are in the 5th grade at tne Washington school. 
Each has two outstanding qualities, but no two have the same two qualities. 
Two are very athletic; two are very pretty; two are very bright; and, two are 
very studious. 

From this information find the two outstanding qualities of each girl. 
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1 Grace is very bright, but Barbara Is not 

2. Lil is very athletic, but Joan is not 

3. Joan is very studious, but Barbara is not 

4. Barbara is very pretty, but Lil is not 

5. Lil has no quality that Joan has. 



Four playing cards are in order, but upside down: 



12 3 4 

1. An ace is just to the right of a jack 

2. A jack is just to the right of an ace 

3. An ace is just to the right of an ace 
4 A club is just to the right of a club 

5. A club is just to the right of a diamond 

6. A diamond is just to the right of a dianfiond 
Name the cards that are in positions 1, 2, 3 and 4. 

Write NEW DOOR on the board. Tell the children to make one word from 
these letters. 

During lunch, Glbdys, Terry, and Fred ate lunch together. One had a 
hamburger; one had a hot dog; end, one had a pizza burger. 

1. Fred did not have the pizza burger or hot dog. 

2. Terry did not eat the pizza burger. 
Who ate what for lunch? 

Jean, Dora, Irving, Shawn and Tony were put on a decorating committee. 
They sat around a round table in the above order and decided to elect a 
chairperson. 

The first ballot was indecisive since each member got a single vote. Each 
person said, "I didn't vote for myself or either of my neighbors." 

They voted again. Each voted the same as before except that Irving voted for 
Tony. This made Tony the ci»oir. Who voted for Dora on the first ballot? 
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PROBLEhS INVOLVING MONEY 

Beckground : in working with money, students should learn to use estimation 
end rounding techniques to obtain mental answers. Some examples follow: 

In adding or subtracting: 

Consider 42 adding and subtracting I 

gives 41 a nmich easier mental 
>60 computation. 

Another is 42 adding 3 to both 

-27 gives 

45 a much easier mental 

-30 computation 

in multiplying or dividing using 25| or 50e, students should use the facts 25 
= 100/4 end 50 = 100/2 since multiplication by 100 is so easy mentally 

$.25 X 482 then becomes 482-4 = $120.40 
$.50 X 261 becomes 261 -2-- 130.50 

Multiplying and dividing factors gives easier computations that can be done 
mentally. 

40 X 36 = 20 X 72 = 10 z 144 = 1440 

65*5 = 130-^ 10= 13 

118-25= 11800-4 = 2950 

In working with money, so many prices end in xxx9 that rounding and 
subtracting works. Consider: 

.39 X 7 = .40 X 7 - 7 =$2 73 

or 1.99x6 = 2.00x6-6 = 11.94 
or .29x9 = 2.70-9 = 2.61 

If adding several dollar amounts, round to dollars, add, then mentally 
subtract differences. 

3.89 + 6.79 ♦ 9.99 
4*7* 10-11 -.21 -.01 
21.00- 33 = $20.67 
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LEVEL FIVE 
EXPONENTS AND SCIENTtFIC NOTATION 



Background: Prior to using exponential notation, which arises in the 
Interpretation of calculator displays, students must understand the use of 
exponents, especially as related to decimals and scientific notation. 

LESSON OWE: Exponents 

tniroduction: Write: 5 x 5 x 5 on the overhead or chalkboard. "How many 
times is 5 used as a multiplier?" Write: 5x5x5 = 53 

The raised 3 shows how many times 5 is used as a multiplier" 

Write: to X 10 X 10 X 10 on the overhead or chalkboard. 

"What number should I write with the 10 to show it is used as a multiplier 
FOUR times?" Write; 10^= 10x10x10x10= 1000 

"How many O's follow the 1 in the numeral? How do we write this as a 
POWER OF TEN?" 

Write: 100= 10? (102) 
Then: 1000= 10?(103) 
Then: 100000= 10?(I05) 

Write: 2x2x2 X 2x2 

"How many times is 2 a multiplier in the first number? in the second 
number? in the number that is the product?" (3, 2, 5) 

"What is this result?" 8 x 4 = 32 = 25 
Consider: 10 x 100= 1000 

"Each number written with an exponent is lOi x 102 = 103 

"What do you do with the exponents when multiplying numbers made up of 
the same multipliers?" 

A = 102 
B= 10^ 
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"Whet is the result of multiplying A by B?" (10^) 

Pass out the worksheets for pairs of students to work an. 

LESSON TWO: S eooratinQ Numbers into Powers of Ten 

Introduction: Write: 600 on the overhead or chalkboard. 

"let's see how many ways we can write this as a product of two numbers." 

600 = 2 X 300 
600 = 3 K 200 
600 = 4x 150 
600 = 5 X 120 
600 = 6 X 100 

"Notice we have a small number less than 10 multiplied times a power of 
10." Write: 600 = 6 X 102 

Write: 625 on the board or overhead. "How do we divide this by 10?" 
62S/I0 

10 I 625 

_6g 

-.J 

20 

5 

"Written as a decimal this is 62.5 
Write 625 = 62.5 X 10 

The most useful form is to have a small number less than 10 times a power 
of ten. How can we divide 62.5 by 10?" 




6.25 
iOj 62.5 

'60 

25 

20 

5 

"So 52.5 = 6.25 K 10" 

"Now we can write 625 is 6.25 x 10 k 10 or 6.25 x 102 - 

"Remember that dividing by 10 changes each place to the next smaller, so 
625- to r 62.5 

6 in the hundreds place goes to the tens place 
2 in the tens place goes to the ones place 

5 in the ones nlace goes to the TENTH place." 

'Dividing by 100 changes each place to the second smaller, so 
625* 100 = 6.25 X 102 

6 goes hundreds to ones 
2 goes tens to tenths 

6 goes ones to hundredths.' 

"How would we write 387 as a number between and 10 times a power of 
ten?" 

We get the number between one (one digit) by dividing by 100 so 387 = 3 87 
X 102" 

"Notice that multiplying on the right side gets back to the 387." 
Write; 1.23 X 103 

"How do we write this as a single numberal? One way is by 10 at a time: 
1.23 X 10= 12.3 X 10= 123 x 10= 1230 
(1) (2) (3) 

so 1.23 X 105= 1230 

"To Summarize: To multiply by powers of ten, move the decimal point the 
exponent number of places to the RIGHT To divide by powers of ten, 
move the decimal point the exponent number of places to the LEFT " 
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This is why having numbers in the form of a small number multiplied by 
powers of ten is so important to know.' 
Consider: 2x 10' = 2000 

3x lOl X 300000 

6xl08 600000000 

Pass out worksheets for students to work on in pairs. 
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LEVEL FIVE 



US\m THE CALCULATOR 

Background: Children should be familiar with the keyboard of a simple 
calculator with memory. At this level, they should use it to solve problems 
that involve decimals. 

LESSON OWF: Introduction 

Tracy is trying to sell an item that has been in the store a long time. She 
decides to set the price each day as .9 of the price the day before. What is 
the price on the fifth day of the sale? for the item that regulariy is 
$42.00?" "What do we enter first?" 



KtV 
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'What operation do we use *^ und .9 of this price?" 
KEY H 



"What number is the multiplier now?" 
KEY 



"What Is the price during the first day of the sale?" Enter this in the table 
below: 



Sale Day 


t 


2 


3 


4 


5 


Price 


37.80 











"Whet do we do with this price to get the new price for the second day?' 
Press 



H 



and enter 34.02 info the table. 



At this point, you might want to show students the repeating multiplier 
feature. Some calculators hold the first factor entered as a multiplier, 
others the second factor. The sequence of keys must be set according to the 
calculator feature. 



1 «1 r.; 



Example: 

FIRST FACTOR HELD 
.9 X 42 = 

= for each successive 
muUipllc&tion by .9 



SECOND FACTOR HELD 

42 X .9 = 

= for each successive 
multiplication by .9 



Continue until the table is filled and the price during the fifth day is found 
as $24.60. Assign worksheets to be used with calculators by pairs of 
students. 

LESSON TWO: Using Memory 

Background: Using memory is helpful when a number of products or 
quotients are to be added or subtracted and in different combinations. As 
you recall, order of operations required renaming (finding products and 
quotients) before adding or subtracting the numbers. 

Introduction: Put an overhead transparency of the following on the oveiiiead 
projector 



60 



50 

50 


B 


50 60 


: 
f 

R \ C 

I 


E 

i 

1 

; 


F 


50 


0 





60 
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These can be folded to make a box. Tc Mnd how many square inches of 
cardboard are needed, we have to find the area of each rectangle, then add 
these together. The f1+ key of the calculator helps to do this. Let's see how: 



'How do we find the area of rectangle A? 

1 



KE¥ SEQUENCE 



5 


10 






0 




> 



[5 0 


H |l 


0 


0 


= l«lz 


as 



'We put this product in memory while we find the others. 



5 


0 |k 


1 |o 


0 




H 


z 







"Whet is the area of rectangle B?° 
"Is there another like this? (D)' 

"KEY this in and put into memory to be added to the last product." 
"What is the area of rectangle C?" 
Is there another with the same dimensions and area?" (F) 
'KEY in this and put into memory*." 

'Now all three products have been added in memory " We see what this sum 
R C M 

This will put what is in the memory on the display so 



is by: 
we can see it; 



Do a second "geojackei" to illustrate the use of 
worksheets provided for use with calculators 



anu then assign the 
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SOME CALCULATOR EXPLORATIONS FOR STUDENTS 

"How long does it lake you to count to 1000 on the calcyletor? Keep a 
record of times for counting by 2, 3, A, 5, 6, 10, 15, 25, 100 " 

"For which numbers between 125 and 300 is the sum of the digits 16?" 

"Round each number to the nearest 100 and find the sum: 
12345 
132465 
142362 
23456 
324651 
56234- 

"Where would you open a book so the product of the page numbers of pages 
facing each other is 16512?" 

"Which of these have the same answer: 

26x29 131 * 286* 245* 103 
957 - 203 3020^4" 

"Design a box with different dimensions with the same volume as this one: 




find these batting averages. 



les 



Ptoyer 


Hits 


Times 
at Bat 


Batting Buerage 


Puclcett 


211 


600 




Gaetti 


197 


603 




LoRibardozzi 


183 


589 




Hrtek 


164 


590 





"Use the calculator to find the missing digits: 

46 9Q 32 □ K 6Q 1 « 194724 

— |B 187 □ -J- Q 5^41.666666 

160 



"Suppose you could spend $2 00 every minute, day and night, for a year. How 
much would you spend?" 

"Jim's car moves forward 5.8 feet each time the wheels go all the way 
around. If his tires are guuranteed for 60,000 miles, how many times should 
the wheels turn around during the guarantee period?" 

"The dimensions of a baseball diamond are shown: 




Last year Kent Hrbek hit 47 home runs. How many miles did he run going 
around the bases?" 



Which Is the better buy for cereal? 



14 02. for $1.39 

20 oz. for $1.99 
28 02. for $2.59? 



Tomplete this table: 



•f 


36 


359 




726 


106 


142 
















1578 






875 






993 











"Do the division indicated by tr.ase fractions. Show the decimal to as many 
p?aces as on the calculator" 

FRACTION DECIMAL 

1/9 = 

2/9 = 
1/3 = 
4/9 = 
5/9 = 
2/3 = 
7/9 = 
8/9 = 

1 / U 
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FRACTION 
1/4 = 

1/2 = 

3/4 = 

1/5 = 

2/5 = 

4/5 = 

1/6 = 

5/6 = 

1/8 = 

3/6 = 

5/6 = 

7/8 = 

1/12 = 

5/12 = 

7/12 = 

11/12 = 



"Whfil is the shortest way from Brsinerd to Duluth? 



Brainerd 




"The mileege on the odometer on my car is shown. 



0 


9 


" 1 




7 


3 



"How many miles must I travel before all digits ere the seme?": 

"How many miles must ! travel before the number of miles is di /istble by 
100?" 

"How many miles must I travel before the digits will be shown in reverse 
order?" 

The gear in which you were bom is divisible by what numbers?" 

"Which two numbers adding to 120 have the largest product?" 

"Frank is a wiseguy * When someone asked him how old he was, he 
answered, '5,785,560 minutes ' How many years old is Frank?" 

"Jim buys and sells baseball cards. He bought a Hank Aaron for $5, sold it 
for $8, bought another Hank Aaron for $16.50, sold it for $28.75. How much 
did he make buying and selling Hank Aaron cards?" 

"On a ticket roll, ticket numbers 10, 11 and 12 add to 33. What 3 
consecutive ticket numbers add to 372?" 




"Tom t 10 Kms of peaches at 49f per can and 2 boxes of cereal. He 
receive .2.80 In change. What was the cost of each box of cereaP" 

"How many hours of your life have yoti spent watching TV?" 
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LEVEL FIVE 



USING LiQ^^ 

See the Level Four lessons for the kinds of commands the students will neve 
had prior exposure to. The primary new Idea to be introduced at this level is 
one of the most powerful In LOGO or any other structured language - 
RECURSION. Recursion takes place when a procedure calls Itself, rather than 
another procedure, as in: REPEAT 4 [SIDE RT 90] 

WHEN a procedure calls itself, it must know when to stop doing this. The 
most common way of doing this is to use an IF test that transfers control 
out. Another is to set a limit on the number of times the call is made. This 
is done by creating a variable that acts like a counter. 

Example I: Using an IF t^st and a counter. Required is a subprocedure BOX 

TO SOX : SIZE 

REPEAT 4 IFD : SIZE RT 90] 
END 



TO SPINBOX : COUNTER : SIZE 
IF : COUNTER = 0 [STOP] 
BOX : SIZE 
RT45 

SPIN BOX : COUNTER - I: SIZE 
END 

: COUNTER is a variable that must be assigned a value when the 
procedure is called. It is the number of time : the procedure is to repeat 
itself. 

: SIZE must also be assigned a value. It specifies the length of the side of 
the box made. 

SPINBOX 5 40 

The box will turn RT 45 5 times. The box side will be 40. 
SPINBOX 6 50 

The box will turn RT 45 6 times. The box side will be 50, 

Each time the box is is made the counter goes down I . When it reaches 0, 
the procedures STOPS. This can be diagrammed as follows: 
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I 

SPiNBGK 4 50 
IF 4-0 (STOP! 

^50 
RT45 

[ SPiNB0X3 50 
IF3o0fST0P) 

RT4S 



8PINB0X2 50 

IF2 = 01ST0PI 

RT45 



SPINSJX 1 50 
IF1 -OlSTOPl 

RT45 



SP!NK»(0.0 
IF 0 » 0 [STOP] 



END 



END 



END 



END 



Once Students have a knowledge of what the primitive commends do, ft 
becomes a matter of trying these out to see what happens. You con 
introduce them to other primitives associated with turtle position - 
HEADING, POSITION, HOME, etc. to help them make more efficient programs. 
Some good classroom resources for you include: 

The Turtle Sourcebook 
Bearden, Martin & Muller 
Reston Publishing Co. 

L060W0RLDS 
Babbie 




WQdsworth Publishing Co 

Apple LOGO Programming and Problem Solving 
Blllstein, Llbe&k^nd & Lot! 
Benjamin Cumminya Pub. Co. 

Learning Math With LOGO 
Neufeld 

LOGO Publications, London; Ontario 

Exploring with LOGO, A Series 
Campbell, Fenwick 
AUyn and Bacon, Inc. 




LEVEL FIVE 

USING DATA 
LESSON ONE 

"Several students in Mrs. Hanson s class volunteered to count the cars that 
went past the school. They each watched for 15 minutes and recorded the 
results. The table shows what 30 children counted." 

Students Cars Counted 



Tom 4 

June 9 

Willie 6 

Frank 8 

Ruth 1 1 

Joanne 13 

Bob 7 

Jackie 5 

Gloria 10 

Tammy 9 

Sammy 8 

George 4 

Joyce 1 1 

Barbara 3 

Grace 5 



Who counted the most cb'^gV 



Who counted the fewest? 



"What was the difference between the fewest counted and the most 
counted?" 



This is celled the RANGE of the data 



"What was the number of cars counted most frequently?" 
This is called the MODE of the data." 



What do you think the average number of cars counted was?" 



■9 >*■! ft 
1 »•' i 



"Let's put the date into m arrangement where we can see it better. 
Remember how we arranged date in Guess fly Rule ?" 

"What was the greatest number of cars counted?" 

Write: Joanne 13 

"What was the next largest number?" 

As students continue supplying these in order, write them 



Joanne 


13 


Ruth 


11 


Joyce 


11 


Gloria 


10 


Jane 


9 


Tammy 


9 


Frank 


8 


Sammy 


8 


Bob 


7 


Willie 


6 


Jackie 


5 


Grace 


5 


George 


4 


Tom 


4 


Barbara 


3 



"Now what do you think the average is?" 
"V/hat is the middle number?" 

The ARITHMETIC AVERAGE is the sum of the numbers divided by the number 
of numbers." 

"Use your calculator to find the average? of these 1 5 numberr " (7 533) 
"Is this the number of cars anyone counted?" 
"Could you count this number of cars?" 

"Does this number or the middle number give you a better idea of the 
"aver age* number of cars in a 15 minute period? 

Graph the data using UNIFIX cubes. 



13 



22 



16 



18 



10 



8 



1@ 



si 



4 



The arrow points to the average you computed." 

'Do you think there are more Unifix cubes to the left or right of this place?" 

"Now look at HOW MANY numbers are to the right and left?" 

"Obviously AVERAGE !> an artificial number of some kind, it is the 
definition of the sum of numbers ^ the number of numbers." 

The average of 1 & 3 is 2; 4 2 

The average of 1,3 and 5 is 3; 9-5 ' 

"Notice it is two away from 3 as is 5." 

The average of 1, 3,5,7 and 9 is 5 " 

"Notice 3 & 7 are just as far from 5 end 1 end 9 are just as far from 5 " 
"Perhaps the distance that numbers are from the average is important. 
"We'll see more about that later." 

Activity: Assign pairs of students with calculators to complete the 
recording forms. 
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LESSON TWO 

Introduction: Use beam balance that has places to hang weights or to insert 
weights- 




Place a weight as shown. "Where do I put a weight on the other side so this 
will balance?" 



tm 9 

t 



8 



1 2 



8 



t 



B 



10 



1 



Take the weight from B "I want to put TWO weights on that side. Where do 
I put them?" 



Place as children suggest If not at 5, follow up by asking why they think it 
doesn't balance? Eventually get to: 



in 9 

t 



8 



t 



8 



10 



ISO 



"How can TWO weights on one side balance ONE weight on the other?" 

Discuss Importance of DISTANCE the weight is from the center. Place a 
weight as shown: 




"Why does the beam go down when there are TWO weights on each side?" 
Discuss. 

"Where should I put TWO weights on the other side so the bean* will balance 
again?" The eventual outcome of this interaction should be: 



10 


9 


B 


? 


6 


5 


4 


3 


2 


1 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 



"Notice that we have on one side 10x1+8x1 = 18, On the other side we 
have 4x2 + 5x2 = a* 10= 18.- 

"The turning caused by the weights depends on the distance they are from 
the center." 

Activity : Have sludenls work in pairs on the worksheet. 
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LESSON THREE 

introduction: "Here is a set of test scores." Write the following on the 
chalk board or overhead: 



Ronald 75 

Sally 80 

Bin ao 

George 65 

Grace 75 



What should we do with these first?" Put them in order 



Sally 80 

Grace 75 

Ronald 75 

George 65 

Bill 60 



"What is the average of these scores?" (80 i- 2(75) ♦ 65 + 60 ^ 5 = 7 1 

"Consider a beam with 71 as center and the scores as weights on the beam. 
What is the range of scores?" (20 points) 

"We'll make the beam 21 units long ranging from 60 to 80. it is 21 units so 
60 and 60 can be included." 



60 

Put 


61 


62 


63 


64 

1 


6S 

I 


66 


67 


68 


69 


70 


71 


72 


73 


74 


75 


76 


77 


78 


79 


80 


th< 


3 center at the average - 71." 






60 


61 


62 


63 


64 


65 


66 


67 


68 


69 


70 


71 


72 


73 


74 


75 


76 


77 


78 


79 


80 



"Each score is a weight." 
How far is 65 from 71?" (6) 
"How far is 60 from 71?" (11) 
"How far is 75 from 7 1 ?" (4) 
"There are how many weights at 75?" (2) 
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"How far is 80 from 7 1?" (9) 

"Now we check the weights x distance from center on each side." 

(6 X t ♦ 11 X 1 = I? (4x2) -^9=8*9=t7 

The turning effect of the weigJits is t;se same on one side as on the other 
side so it is a balanced beam." 



The average you find of the scores Is the center of a beam 
the range of scores that is in balance " 



of the length of 



Here's another set of numbers: 



Alice 

Joyce 

Agnes 

Jerri 

Janine 



36 points 
18 points 

17 points 
13 points 
1 1 points 



"What is the middle number?" (17) 

"What is the average number of points?" (19) 
"What is the range of points?" (25) 
"We'll make a beam 25 units long." 



18[l9|20|21 j?2 |2S j24 [25 [2fe [27 [28 |29 ^1 |S2^3 ^4 ^5 ^ 



12 



13 14 IS 16 



17 



"Where does the center go?" ( ! 9) 



"Where ere the weights pieced? 



12 



13 



14 15 



16jl7|l8[l9|20|21 |22|23[24|?5j2fe|27|28|29^^| ^2^3 |S4 ^5 pfe 



Notice that only one number is above the average, while 4 are below it." 
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"Why do you think that is so?" 

"Why is the overage away from the middle number?" 

Point out the turning effect of the 36 is 17 x 1 since there is just one 36. 
The turning effect in the opposite direction is: 

I xl*2xl*6xl*8xl = !.+ 2 + 6*8=17, so the beam balances. 

"You have to be careful using the average because very big values or very 
small values affect it. Sometimes the middle number better describes the 
data. 

Activity: Have pairs of studen' ^omplete the worksheet. 
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LEVEL FIVE 

TAKING A CHANCE 

Background: Students should begin to get a feel for probebiltty and the 
likelihood of certain outcomes. The Probability of an event (E) is estimated 
by P(E) = The number of observations favorable for ( £). 
The total number of observations 

For example, a die has 6 faces numbered 1 , 2, 3, 4, 5, 6. If it is not loaded, 
each of these 6 numbers has an equal chance of showing on the top face 
when it is rolled. There ore 6 possible numbers to show so the probability 
of rolling a 6 is 1/6 = outcomes favorable 

total outcomes 

In rolling 2 dice, getting a 12 requires a 6 on each die. That is 6 AND 6 on 
the dice. The probability of 6 on one is 1/6; on the other, also 1/6, so the 
probability of getting 12 as 1/6 x 1/6= 1/36. Once in 36 times, ON THE 
AVERAGE, or over MANY trials, a 12 will show. This does NOT mean that If 
NOT 12 shows on 35 rolls a 12 MUST show on the 36th!!!. 

LESSON ONE: Coins 

Introduction: There are 2 ways a coin can turn up when flipped - HEADS or 
TAILS. Have each student bring a coin of any denomination to class. Give 
each student a record form. One Is provided in the black line masters. 





Tally 


Total 


Heads 






Tails 






Total 




50 



Each student Is to flip a coin 50 times tallying the number of heads and 
tails. Each student is also to calculate the fraction of the 50 tosses that 
were heads and the fraction that were tails. Make a chart on which students 
can record the fractions obtained. Discuss the different fractions. 

"Al! of these fractions are close to what simple fraction?" 




Have the students use calculators to TOTAL the number of HEADS for ALL 
students. Do likewise for the TAILS. 50 x number of students in the class 
is the TOTAL TRIALS. 

Now compute the fractions: TOTAL HEADS 

50 X no. of students 

TOTAL TAILS 

50 X no. of students 

These fractions should be even closer to 1/2. 

"A probability estfnrtate is based on an experiment like this. It con change 
from one experiment to the next. The more trials in the experiment, the 
more accurate it will be. A probability Estimate gives you a reasonable 
expectation of what might happen." 

"In the case of fair coins, there are just 2 possible outcomes of a flip - 
HEADS or TAILS. Each has an equal chance of coming face up, so the 
probability of a HEADS is 1/2 and of a TAILS is 1/2. 

Activity: Give the worksheet to pairs of students lo work on. 
LESSON TWO: 

Place a spinner transparency like that shown on the overhead. Use colored 
transparency film to make it to help the students see how much of it is each 
colon 




"If I spin the arrow. Is it more likely to point to red or to green?" 
"Why do you think so?" 
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"Discuss 3/8 of the circle vs. 2/6 of the circle. " 

"Is to more likely to point to blue or to green?" 

:1s it more likely to point to blue or to red?: (equally likely) 

"If you spin the spinner 40 times, how many times would you expect it to 
point to red? (15) to blue? (15) to green? (10)" 

"Whet is the probability estimate of landing on red? (3/8) on blue? (3/8) on 
green? (2/8 or 1/4)" 

"If you spin it and it lands on red, whbt is the probability estimate of 
landing on red on the next spin?" 

Discuss this thoroughly. The probability estimate is NOT affected by past 
outcomes. If you flip H, H, H, H, , the probability T on the next flip is STILL 
1/2! Some students think there is such a thing as "the law of averages 
catching up." These are independent events and the outcome on one has no 
effect on the outcome of the next trial. 

Have pairs of students use spinners to record the results of 100 spins. Make 
a chart of all these records like you did with coin flips and work the data in 
the same way aa you did there. The class fractions for red and blue should 
be close to 3/8 or .375. The fraction for green, close to .25. 

Activity: Have pairs of students use the worksheet to estimate 
probabilities for the situations given. 
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Verbal Multiplication and 
Division Problems : 
Some Difficulties and 
Some Solutions 

By A. Dean Hmtdt^iscm 



J^^?'^!^*^ ® ^'^'^ ' ^ 

JamiJiJs of 3 tokens each &«o a bank. >^ many tokens <fid John put in me 
oank? 




9 

• 

Set 

(size?) 



Verbal problems that involve multi- 
plication and division are difficult for 
children to solve. Many 0/ these difiS- 
culties arise because of their limited 
uiKterstanding of these arithmetic op- 
erations. TTieir exfwrience with the 
different kinds of situations that call 
for these operations is also limited. At 
the same time, these problems cannot 
be categorized easily because the sit- 
uations that require these operations 
are varied. Nonetheless, n, iltiplica- 
tion is often taught only as ''1 peaied 
addition" and division on!y as "re- 
peated subtraction." Children must 
have specific instruction in all the 
situations that require multiplication 
and division as arithmeiic operations 
if they are to apply them sisccessfully 
to verbal problems. 

Change Problems 

Extensions of the "change problems " 
for addition and subtraction can lead 
to mulsipiicaxion and division, in this 
particular icind of problem we have an 
initial set, a chani.? number, and a 
fiiMl set. Given an nitial set of small 
size and a change number that de- 
scribes how many of this size set are 
joined, we find tl» size of the laiger 
finaJ set by multiplication. These 
problems are change /. or repeated 
addition, problems. Here is an exam- 
ple (fig. i): 



Deaa Mm^iekstm is prpfrssar efeduetuioa at 
l*» IfHhftnLy iif MiitHesota. Dmlutli. MN 
S38t2. Ht inakts etmnei vm tkf psyekekmy 
kmtiktft mud nMf ImnIs of tracts matkmaiics. 
l^sHmot Hwagh secondary sduMd. 



John put 6 handfuls of 3 tokens each 
into a bank. How many tokens did 
John put in the bank? 

Change 2 fMn^tems result when a 
large initial set is given aloi^ with the 
size of a smaller final let, and a 
chai^ number needs to \x fcmad \hat 
<tescribes how many ^/sss ctf tfmt size 
can be made finan the iiiitmi s»t. This 
pro^m rsj^esents the measunment, 
w rei^ted-subiraction, iiiteri»neta* 
tion erf diviskm. Here is an example 
(fig. 2): 

Suste has 24 cookies. Si» gives 3 
cookies to ^h of the children on 



tlK playground. How many chil- 
dren are on the playground? 

A chiW who can reverse the "put- 
ting together" transf<Minati«i can re- 
late a measurement interpretation of 
the diviskm ctHintable nuaerials to 
the rq^ed-^yiitoa kind of multipU- 
cation. In some ways the division is 
easHT. since il» chiki must retain only 
the final set size and ccNfflt the number 
oi sets iim can be s^te. The count is 
Cw^mtracted ia the ^ocess and the 
size of the initial set b not important, 
since the count st<^ whewver the 
process nins tm of olyects. In re- 
peated midition. Irath the caini num- 
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Arithmeiic Teacher 



ber ami the size of the initiskl set must 
be retained mentally along with the 
resuit at the c*kI of e^h si^cessive 

Change S p.oblems involve a l&tg^ 
Initial set and a kimwn ehmnge num- 
b»; the of the final, equai sets 
that can be made from the initial set 
must be found. This is the panition 
interpretation of division. An example 
fc^ows (fig. 3): 

Susie has 24 cookies. She gives an 
equal number to each of her 4 
friends. How many cookies does 
tmch friend ^t? 

Change 2, or measurement division, 
is oisier. since only the size of the set 
being formed repeatedly must be re- 
tained and a count of these sets kept 
as they are made. Change 3, or pani- 
tion division, requires a strategy to 
assure the equality of the sets being 
made and hence is more diSicult. 

CompaHsofi Problems 

Questions involving 'Mess than'* or 
''more than** lead to addition and sub- 
traction problems. These problems in* 
volve a comparison set. a difference 
set^ and a referent set. >Vhen we com- 
pare two sets and the comi»rison in- 
volves questions of **how many times 
as many*' or **what part of/' we use 
multiplication and division. Such 
pix^lems involve a comi^^son set, a 
referent set. and a correspomtence 
other than a one-to^me coiresi^m- 
dence between th^se sets. In figuie 4, 
if the qiK^stion is asked. **A has how 
nmny times as many as B?'' tbmA is 
the comi^son set. # is the referent 
set, and the correspondence ^ A to B 
is sought. 

Compare I problems result when 
the referent set and a man/-to*one 
correspondence are given and stu- 
(tents are asked to find the comparison 
set. The following is an example (fig. 
5>: 

Iris has 3 times as many nickels as 
dioMs. She has 4 dimes. How many 
nickels does she have? 

Multiplication is used to find the an* 
sww: 3 X 4 « 12. 

Compare 2 problems wcur when 
tl^ comimrison and a many^to-om 



F^. 2 ^ 69Hi9^ of a 2 pnc^^^ messiff^^f^ or repealed* 

»^:«n»fion ktepr^tion cS division: Suste hra 24 co^m. Stw^ pves 
3 OQcdcto te i«h< ^ dtSdren on tNai ptey^rc^ml ^km nmif chSdren 
fiB on ttia piqfpoimd? 



matsm 





OOO OOO 



OOO 



Rg. 3 An eaiST^ a c/i^^ S pn^^m, a parStkm bi^prateficm of divtekm 
Susie has 34 ood^ She gives ttiem in equ^ numbers to h» fwir friends. How 
many cc^^des tkas each friend get? 



Char^ NiAHber 
I 




? 

{sm 7) 



Bg« 4 A ocmpamHi prsA^tt: Rnd i 
nmny t^ms as many as S? 



of i4 la 6. ^ has hew 




(CmmspondOTi^) 




CCdn^aarison SeQ 



a 
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8 A ampm^ 2 fmti^i fris tas IS fikke^ Sto hss 3 tbv^ as many 



3to 1 «»7re^xmd€m^ 





Rg, 7 A cfmmtm 3 jmtimn: Fmr^ tm 24 r^s^ and 8 (foros* Ka N>w 
rrany titms as ir^^ nidieis as (gmas? 





Cofi^irtsc^ Sat 
(rKckais) 



Fig. 8 A cxmtpmB 4 $m^^n: Fmstic )ms 24 j^lc^ and S He what 
fraotai 88 irany ctonsa as nictois? 



1 to ? nnn^^as^tonoa 





ccmnespondencc sre given and the ref- 
ereoc sei must be found. Here is an 
example (Sg. 6): 

Iris has IS luckds. She has 3 times 
as many nickels as dimes. How 
many dimcs^itoes Iris have? 

Dtvtsion is used to find the answen 
15 -8- 3 « 5, 

Compare 3 problems result when 
the comparison set aiKi referent set 
are known and a many4o*ane corre- 
sponcteiice mtist be found (fig. 7): 

Frank has 24 nickels and 8 dimes. 
He has how mny tunes as many 
nickels as dimes? 

I^vision is used to find the answer 
24 -J- 8 = 3. 

Compare 4 problems occur when a 
comfKuison set imd a referent set are 
given and a one-to-many correspon- 
dence is sought. In this case, the com- 
parison set is the smaller of the two. 
Here is an examine (fig. 8): 

Fk^nk has 24 nickels and 8 dimes. 
He has wl^ fiction as many dimes 
as mckels? (or« Frank*s dimes are 
what firactkmal of his nsckeis?) 

Tht result is division of a snmller by a 
larger ntimber or ficmmtion c^a ratio- 
nal number, usually exfH^essed as a 
fractioQ: 8 24 « 1/3. 

This kind a( question puits a child* s 
ccmcept oifiactkm being equal parts 
of a whole into conflict with this ratio 
situation. What other lai^uage can be 
used to ask f<^ this ccmespomience? 
Because of the difficulty <^ finding 
suitable tangu^, questions related to 
fii^tim tim ome^Kmctence are sel- 
dom fintnd in textbCN^ks. 

Compote 5 prc^lems arise when the 
comfmrison set and the referent set 
are given ami a many^to^niany corre- 
spocdenc^ is sou^t (fig. 7): 

There are !29ilsand 16 boys in the 
room. How many times as many 
boys are there as girls? 

One divkies to find the answer (16 ^ 
12 ^ 4/3). Here ^dn a ft^^ctkm teUis 
how many times as mudi, although a 
fBtM> correspcmde^ m miade in the 
tlunking. 

Comtmre 6 ^ol^n^ occur when 
the comfmison set is simdier than the 
referent set and the corresi^mdence is 
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sought (fig. 10): 

Ibsfe BSC 12 girls and 16 bon lo a 
nK^. The &U£Qbcf qS gifls q whal 
part of the mimber of boyi? 

The result is foiutd by divtsioQ agais. 
12 16 » 3/4. and tlie mme conflict 
between ratio and fiction results. 

Conyuirv 7 {NnoMems result when 
the larger cooqparison set and the 
many-to-many correspondence are 
given and the size of the smaller ref- 
erent set is sought (%. 1 1): 

There are 16 boys in a class. Tbere 
are 4/3 as many boys as girls. How 
many girls are there? 

The answr is found by dividing: 16 

m 12. 

Compare 8 problems arise when the 
smaller referent ^t is given along with 
a many-to-many conespondence. n^e 
i^e of the larger comparison set is 
sought (fig. 12): 

There are 12 ipris in lite room. The 
number of boys is 4/3 the numl^r of 
girls. How many boys are in the 

The answer is found by multifriying: 
4/3 X 12 « 16. 

The cornice |»ol^ems that involve 
many-to-many corres^ndences are 
diScult. since they bring into conflict 
the child's recognition of a fraction as 
comparing a given number of equal 
parts to the whole and the idea ratio 
as a correspondence. The use of the 
sasM! symbolism for b£tth fractions 
and ratkmai numbm compc^mds this 
difficulty. 

Thinking in ratic^. equating ratios, 
and applying ratios to situations in- 
volve formal operational thought. 
Very few etemenmry children are ca- 
pable of this kind of reasoning, in 
£act. few eighth ami ninth graders can 
think through the Mr. Tali-Mr. Shod 
jHtiAykCT: 



Measured in 
pw qtyi^ Sticks 

SBSSSmw in 

p^scr clips 
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F^9 kcmsmoS^^^ilhsmmmtZ^i 
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Rat0 Pfobl®nis 

The kgfid pro^KNTtkisial rea&oning 
mod in eipmUi^ ratios is also in- 
v<rived in thinkiiig ^mit rate prob* 
lems* These are oiimi^raly found in 
intennediate texttK^^. A rate prolh 
tern involves two variables— one inde* 
pendent and oi^ depKKndent—and a 
rate of con^arison Niti^n them. An 
estample is distance (miles) rate 
(miles per hour) x time (hours). Here 
the number of hours is the indepen* 
dent variable, the distance in miles (a 
total) is the dep^ent variable, and 
the ratio of mites to tKiurs is the rate. 

Some common rate examples are 
these: 



Fig. 13 A fata 7 problem: Fred pays §12.00 a square yard for outeioor carpatiftg. How rmich v^i 16 square ^rds cost? 
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S12 


S12 


$12 


S12 


$12 


S12 


$12 
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$12 


$12 


$12 


S12 


$12 


$12 




$12 
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sq. yd. 
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^. yd. 
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sq. yd. 
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sq. yd. 

10 


sq. yd. 

It 


sq. 
12 


sq.^ 

13 


sq. yd. 
14 


sq. yd. 
IS 


sq. yd. 
16 



9 



F^. 14 A fBt0 2 pnMmi: Jans pays $1@2 kff carj^ting at $9 a squar® yanl. hksw n^ny gquora yards ^ ^& gatr 
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• feet per second 

m dollars per pound 

• pminds per cubk foot 

• galtons per loiiiute 

• cents per kilowatt hmir 
« l»ns per hundred 

Children who are unable to think 
atKKit rates and ratios will have diffi- 
culty doing these i^tiblenis in any way 
other than substituting numbers into 
memorized formulas* Pn^lems deal- 
ing with percental are probacy the 
test example of this difficulty. 

Raie I problems result wten the 
rate and the value of independent 
variable quantity are given (usually in 
units of measurenH^nt) and the value 
of the dependent variable* usually a 
total, must be found (tig* 13): 

Fred pays ^12 a square yard for 
outdoor carpeting. How much will 
16 square yards cost him? 

The resulting application « 

total cost 
» cosi/sq. yd. x number of sq. yd. 
« St2/&q. yd. X 16 sq. yd. « S192, 

is the easiest of the rate situations to 
use. 

Rate 2 problems result when the 
rate and the value of the dependent 
variable are given and the value of the 
independent variable is sought (fig* 
14): 

Jane pays SI 62 for carpeting at S9 a 
square yard. How many square 
yards does she get? 



We have 
S162 

or 

sq. yd. 



$9/sq. yd. x f f sq. yd. 



S162 



$9/sq, yd. 



Rate S problems result when the 
values of the dependent and indepen* 
dent vaii^les are given ami the ratio 
or comparison rate is sought (fig. IS): 

Peter paid S342 for 200 eight-foot 
two»by*fours. What was tte cost in 
dollars of each two-by^our? 

We have 

$342 = i^/baard x 200 boards 



9m QOfSi in dta^m mstt 2 x 47 





1 

a(m (^c®s 
Q^m $342 
Cost 



or 



S cost/board 



$342 



200 boards 
^ $L71Araard 



Seiectiofi Problems 

Among the most difficult problems are 
those that require multiplication. 
These bel(H% to a mort geimal group 
of selection {msblems. 

Selection I proMems involve simple 
ordered pairs where the choice sets 
for each element of tlw ordered pair 
are given and the number ordered 
pairs possible is sm^t. The pairs are 
CHdered in the seme that om choice 
set is asswiated with one etem^nt and 
a second choice set with the mher. No 
orderii^ occurs in tte writing or se- 
lection* In the foltowtng example, 
(skirts sweater) is not different jfinom 
(sweater, skirt). Sk^ figure 16. 

Amy has 3 sweaters with different 
jmttems. She also 1ms 5 different 
skirts. How many mstfits consisting 
of a swc^er and a skin are {H^si- 

bk? 

The pairs can be determined from a 
nmtrix (tabte 1) cr frcnn a ^'^factor 
tree/* Either way, multif^kation is 
used: 3 x 5 » IS imfits* 

Selectioft 2 proUesBS remit when 
Qw choice set aiui the mfndTer of pairs 
are fiven and the otim cimce set is 
scHight. These {n^obtems arc mmi^ to 
selection 1 prcrt>lems. 



TaWel 

A Matrhs to Record th® Pairs ki Figure 
16 



Sidns 



3 



A A. I 
B B, I 
C C. I 



A, 2 

C2 



A,3 

C3 



A, 4 A, 5 

B. 4 B, 5 
C ^ C, 5 



Selection 3 prcAlems involve tri* 
p'esi. quadrufries, or other extended 
n-tup :s (n > 2) and the choice sets for 
e^h place in the ^Hupie. 

Frank has 5 sfKirt coats, 3 vests, 
and 5 pairs of trousers, ail of which 
are coI<h' compatible* How many 
different outfits omsisting of a sport 
coat, vest« and pair of tnmsers are 
in bis wardrobe? 

Here a 3-tupie must be formed 
(sport coal, vest, trousers) where or- 
dering is not important. Finding the 
total numt^r 3utuples usoi the mui« 
tipltcation pvii^plie: S x 3 x 5 » 73. 

Selection 4 problems give the num- 
ber ctf^Htuploi asHl the sizes of all but 
choke set, which is scHight. An 
exan^ik fMlows: 

Frank can make 24 different mttfits 
omsisting <^a siKirt coat, vc^, and 
tnmsm. He has 3 spm ^ts and 4 
pairs €i trousm. How many vests 
does Frank have? 
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Amy 3 swMttfs wHi ^OMfim 
Sht has 6 sMrti ol 
(^tanmt ootaf*. Itew n»ny 011^ 






Thb is a two-step probiem: first mul- 
tii^y and then divide, (m- su^esdvdy 
divide 

The selection group of probteoss 
invdves the midtqriication priod^ 
or m aape& <tf wim Pia^ caUs 
MnnNiffltorial rrascmiiig— tlie abiKty 
to consider tibe effect of sevena van> 



Ca^sfe ^ cmj i» used to a* e» f^pe^9tf.^(ttiQn 10^ 

. Columns, 
t ♦ ♦ t t t 



o 



















—Til 
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T8bia2 












PrDbtem 







Repealed s^itieai 



^ 2) 

Repealed siditrsetioa (s^a* 
) 



into ep&l im 



Fned tm 3 boses with 4 cars 
ia ei»jB biML. How irany 
e^ does Fred tave? 

Icaa had 12 cookm. ^ 

Eve 3 CQokks 10 OK^h 
r fin^Mfs, How may ctf 
IMT fi^f^ 901 ci»ofc^? 
Ptel ^ 24 BwrWes t£w he 
nveawayto4&mid«. 

fttead re cdved the 
s^e amnhv of iR&rbles. 
Mow mmy ot&ftos did 



las^M^i^ set «2es aad 
chfi^ atnssber k^iwa: 
<pnsMa timt fbai IbiiBer) 

l^Hd (barpit set ^ 6^ 
(sas^ir) sec ^2C9 kaown; 
4<M3tioo aboia chai^ 
milder* 

awi^ten kaowa; qi^istioii 
^icsit she «xe of&sal 
(sm^l sets. 



ables simultaneously. Selection 1 
pfd>lenis can be tbcmgbt of as cells in 
a matiu. The tlHQld^ EiraM to sotv 
tbexn m similar to ttot used to solve 
area problems, such as being given 
two dimensions and finding the area 
and being givm the ami and one 
dimension and finding the other di- 
n^nsm. 



If stiKients are gmg to apply multipli- 
cBtkm and diidsHm to everyitoy situR'* 
sions, they nmst im^ experioi^ 
materials that retH^raent time dif- 
ftanent situations. 

The chan^ situattons that iavdve 
J^mrn^ and sqswath^ can be intra* 
duci^ with materials that can be 
joined, separated, and arranged. 



Unifix cubes can be used to illustrate 
repeated addilions ami repeated sub* 
tractions as well as measurements. 
Ceramic tiles can also be used to link 
the idea of repeated addition to area 
(fig. 17). The measurement concept of 
division can abo be introduced with 
tiles. The following kimb of questions 
can be asked: 

• Given 24 tiles, how many rov^ can 
be made with 4 tiks in ^h row? 

s Make 4 rows of 6 tiles each. How 
many tiles are used? 

Ik^uis and paper cups can be used to 
give ex|:^rieiK;e vinith tte |»nitioii 
terpretatioo d dhdskm as well as to 
the repeated«addi^ 4nd repeated- 
subtrKtion interpretations of multipli** 
cation and division* Some examples 
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lo^n tea 3 pa^ of iMdib. SN?tes4 
toesis Bsuiy {»in<tf ttoes. How 
oway pain of stews Axa ste iiaire? 
Imo hag jW pgHwi, ^ tea 3 t aggj a s 
amy peisiucs as Pot has* How many 
p$^ik» <kies Psi teve? 
DsRssM tes 5 ^^i^. fmr tua 15 
Ues* P^er tes tKm ra^ tm^ ^ 
saay maitto es Oof^d? 
Bonnie tes 16 whote bkmscs 4 cd- 
ored Uo^es- Her cote^ Houses aiv 
wtet (fractk^) pan of whke 
btofiites? 

OHnp»^ S Our dass tea 16 iM>ys s»di 12 gvts: Time 
are how nmay un^ as omay boys as 
prls? 

ctess has 16 boys and 12 gffts* Tte 
m wtei cfr^tmid) fmn irf tte 
ooys? 

Fred has 25 basebaU car^. He tea 5/^ as 
fmuBV cards as Jim has. How maav 
tesebaD cards does Jun teve? 
Compare S Erka has 25 stickers. Pe^ has as 
oiany itickers as EricauHow many 
sikters does P^gy teve? 



Refittieut ^ wbA asay-ttKMie ccMivspo^ 

dea c e teowa; ^lesckiQ idtMiot die coa$- 

paftsoo set* 
CiffltpafbHQ scft and mnsy^flMxie com* 

spofuleacip Itowq; i pitM ie w wbont tte 

rcfeie^u set* 
Comf^mm m mi rcfctem sa given; 

q^^ roifc^ <tf {a^8y-«^<Hml 

Cota p a ffi fio B i set an^ lefeieas set giver; 
<^estias abom kisd of (oae^CiMiaay) 

Co m p aii ieB sel fwSettxA given; 

^mtioii ^oat tte (a^iy-40-swiy) 

mn e spoa i dewxi . 
CoflSpansosi set and lefeieiH set given: 

<|uesiioa sImmis p^y^HSiay c^mtc* 

sfwt ^teiice . 
Conn^fisoa set and many-io-may cor- 

crent s^ 

Referent s^ and numy-tO'Swy corrt* 
spondeiM given; questkm mut ctrni- 



P^obtem title 



Sample im»b(em 



Qtagictemttcs 



Seiection 2 



extended i$H&ip)e 



Scdkcticm 4: 



^likteaS Ics^ itf cheese ami 2 
kii^ (df sausafe. How many dtf- 
fit^enl chees&^l-saii»ie inms 
cmistemake? 

Frank makes 18 dsS^em cheese-and* 
sausage jazzas. He tes 6 kimts itf 
cheoK. How aiany Idmis of 
safe does te have? 

Dave has 3 diffexcot-sised Ms 
w^aris^ 4 ktfrfi of bodies, and 3 
dUbrent moceis. ffow many c^Fer* 
OM cars with uteda* a body, ani 
a omior can te inft togctiKsr? 

Dave tes 3 diffnest-^zed ^ d 
wheels and 4 idnite d bodks; te 
can mate 96 dtSBTOst ests wkh 
wheefa« b od ie S i and moeon* ftow 
amy dffiBtent knids ct motors 
does te teve? 



Numh^^ven &mn whk h lo s elect 
for ead pair elemieat* ^Kssim 
aboat s^aber crf^ p^ra pos^We. 

Nttf^KT tn one choice sui asd mnn- 
ber of p^rs pven; ^ aea t iwi abtHit 
ntMnber tn ot^^ cteoce c^- 

Ntmiba- giveQ bom whkh lo choose 
for each portmi in a-tnpfc: qim- 
tm abmn fli^iber A-t^^ p(»- 

Number m^m bom wNdi m choose 
for all tet one positkm » iMus^e 
a^ also master ^ a^apjks; ^ses- 



Tables 

ftoSa Probtamn 



title 



Cte^it^mstics 



Base I Usa buys Ig cans of po&^ at S0.72 per 
is tte total cost? 

Ksse 2 ^Eter biys a sidt cm si^te. The price, sfler 
m2S%^s0om^ mWO. Wtei waatte 

11^3 Ctmiim fvos 2(K) mcMa m 72 scmsids, 

Whm is tar avma«e nmd in nAers per 
se«mid? 



Given tte ami tte i nde pen den t van- 

aWe imte; q^i^iOB is abo^ tte ^tepen- 

dent varWvte* 
Givos tte fue ^td tte depcnd e m vsriaUe 

vahm: ^aessien is dmm mdepeadem 

varfaWe^ 

Given tte vatets of tte drpfffid ff nt and in* 
^epm^s, ^miakAgs; qpkAm h about 
tte rale. 



e Gsvoi 2t bouts, put 3 beans in ctq^f 
untU the beans are gcKie. How many 
ct&|» €lid ycni tise? 

a Given 33 l^^nns, pttt an equal nam* 
ber tons into each of S cups. 
Ho*v many beans are in each cap? 

a Given 4 cups, put 5 beans in each 
cup. How many beans were need- 
ed? 

The raiio comparison sictmtions can 
be introduced with two different 
shapes, two diffefent colors of chips 
or cubes, or any other materials ttwt 
can fc^ put into sets and compared 
using the multipltcatson- and diviston- 
relat^ questions in the examples* 

The selection ideas can be intro- 
duced best with ccrfored cubes or sev- 
eral geometric shapes in different col- 
ors, forming pairs and triples of these 
materials. Subsequently using situa- 
tions that involve items from the stu- 
dents' exf^rience, stich as stickers, 
pizza toppings, clothing, and record 
lateds, can help children apply these 
basic ideas ttf multipltcaiiim to the 
real world. 

Rate problems should prolnbly be 
introdiu^ after e^ablishing the idea 
^ a constant rate of change in two 
related variables. This introduction 
must be dotie slowly and ^^arefully aitd 
timed to the stage of cogtiitive devel- 
opment of the students. The demands 
are primarily on the proportional- 
reasoning capability of the students. 

Introducing problems involving 
such relationships as distance 
time X rate, cast » costltmit x unitSn 
ami percentage = percent base 
should be within the more general 
context of rate of change. Otherwise 
students may substitute values into 
formulas without understanding the 
processes involved. 

BtfiAtta-Loncm* Mary. Matfwmmtks: A Wggy of 

Tkkddmg. Reading, Mass.: Addoon-WesJey 

Pitbhsbii^ Co., 1977. 
{^wd, Hitey. E. WUIiaias. Ptimury 

Mm^wnmks Titdaf. Lot^m^. 1970* 
&emp* Ri^fffd. The Psydwtogy ^ Uarminft 

6f0ih0t9^(c$. Babimcm: Peaguin Boedu, 

Peto Books. 1971. 
WBaim, Mm W. XKapiasif and Trraim^Kt la 

Arm^mk: JhU^. GiMmg Madeis. Md 

Fmofdmts, Ccrflc^ Park, Md.: Umversity oi 

Maiytand, 1974. « 
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Mathematician-- 



'I completed each tahle of values for D and L found the constant change in 
D and the rule and graphed this." 



TABLE 



GRAPH 
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Change in 0 



Change in 0 
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MatheniatleiaB: 



"I fa Si fid reles fer tim f rap to fi¥es.' 



GRAPH 
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flQthemqltctQni 

"I completed the following showing how a product Is expressed as a 



sum or difference of products." 
PRODUCT SUM OR DIFFERENCE 



Example: 5 (7 * 3) 


5x7 + 5x3 = 35 *I5 = 50 


6 (4 - 2) 


6x4-6x2 = 24- 12= 12 
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y 



6t¥8R arrag Tva arraga Nanter SaatencaS 



Example: 
5x 8 B 40 



5 (7 ♦ f> 
5 (6 ♦ 2> 

5 Ci « 3> 
S C4 4) 



5 (7^1)B5x7^53Ct«35«5«40 



N 

9 



t 




Mothematicien: 



"I first estimated these lengths, then measured them in BOTH inches end centimeters. 

TO THE NEAREST 

LENGTHS MEASURE WHAT PART OF A UNIT? 



Inches 



centimeters 



ERIC 



inches 



centimeters 



n o 



hathernotician: 

"I used a graph paper transparency lo find the ereas of these shapes " 



SHAPE 




AREA 


~— — ^ • — ■ . — 








n r) o 


6,12 89.2 



» ■■ ■ 



hothemotfclQn: 



'I used the graph paper transparency to find the areas of these triangles. 



n 



04 6.12.^.5 
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JOINED 

DIFFERENCE ^ 

COMPARED 
LAR6ER TO SHALLER 

CC^PARED 
SMALLER TO lAROER 



JOINED ____ 

DIFFERENCE 

COMPARED 
LAR6ER TO SMALLER 

COMPAREii 
SMALLER TO LAROER 
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"I did tti0 muUlpHcotlons, drew a picture of the tiuidrmlSc ten and 
mm, r^ouped where neeM and m^plet^ the emiiiirul&tton form." 



Multlp] f cation Boss Im Biotas 



Expanded form 



Mothemollclan: 



"I used base ten blocks to do the HORIZONTAL multiplications. I recorded the 
partial products found." 



MULTIPLICATION FINDING THE FOUR PARTIAL PRODUCTS FINAL PRODUCT 




1. 
2. 
3. 

4. 

Total: 






1. 
2. 
3. 

4. 

Total: 






1. 

2. 

3. 

4. 
Total: 






^ ■ . — ^ ^ — ^ 

1. 

2. 

3. 

4. 
Total: 








6.12.89.4 



Mathemaliclan: 

"I did these divisions by places^ using base ten blocks. I put the base ten 
blocks Into a rectangle as I subtracted them In the division." 

DIVISION PICTURE ANSWER 
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ftet&erastielaai: 

"I fee^ tfes PEIII METERS fmr ttose s^pes." 
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rtattekiMtlciaa: ^ 

"i f@UBA tbe AREAS or inlssiBg parts ef ttese rects^les ms4 ^mllelof rams. 
I vrote AREA INSIDE asd UHelM tht ailssf Bi parts. 

ExaiBple: 
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//Ufa 



1 audi tli*«Mo:ks$lmfiie«tsfM<ielanin tilt on glvt«.' 



IC 



otters vtef9 pASfffif^ls** 
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'I adM atiraters ts botli st«ies or sa^traettd aasnl»@rs from hath sides 
to fl^ the BSffifeer for 



OPEN S£l8T£iC£ 



WH&T i DID 



1 12288 
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ERIC 



'I vrole sf^n sdoteaces la stov tte ^ard, 
th%p9 m msM to solve fiir 



mr 



Eqoaliti tord 



□ 



Upon SsBtesee 



Tliie aasa&er for 






ERJC //^^^ 



I1atte0a-''tielaa:, 



'I M t^ese mBHIplicatleiis eslBf btse tea bleeps and vrete ttte results 
IB borizoBtal ferm. I dli all carr^R^ ^fare recarif 119." 



COHPUTATinN 



STEPS 



NUMBER SEHTEIHIE 



TENS X TENS 
TENS X ONES 

ONES X TENS 
ONES X ONES 



-Teas 

-Tens 
JOaes 



.Hanireds 

Teas 
Teas 
jOaes 



-Hesadreds 
-Teas 
-Teas 
JOaes 



_llHiiilreds 
—Teas 
—Tens 
— Oaes 



C 



nat^^tlciaa: 

~l 93ed base ten bUck^ at first t® «E® tite,<i© sdiiitioas in Siorizontal forsi 
^feiaf along a like ve read).** 

COMPIITATIIIH STEPS iiynBER SEMTEHCES 



TEHS TEIIS 



ONES AND ONES 



Jem 



-Tens 



JDnes 



-Tens 



-Tens 
Mm9 



„TeBa 



-Teas 
JOnes 



ic 



2' f; 



*F®r each grosp of 3 Rism^rs^ i wr®te a story esliif t^se. The 
circle BBE»ber assvers tks ^mst^mm in eacb story preilem." 

MUHBERS eiVEN STOR¥ PROBLEM 
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NOT' LABEL CARDS 



NOT BLUE 



NOT RECTANGLE 



HOT GREEN 



NOT CIRCLE 



NOT RED 



NOT LARGE 



HOT TRIANGLE 



NOT SMALL 



HOT SQUARE 
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LABEL CARDS 



RED 



CIRCLE 




BLUE 



RECTANGLE 



GREEN 



LARGE 



i ERIC 



TRIANGLE 




SQUARE 
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nathemtlcian:. 



"I wrote statements TRUE of the given set of attribute blsic^s. and 
found a place that would make one of these FALSE.' 



TRUE STATEMENTS 



PIECE ^0 MAKE STATEMENT FALSE 



ur 
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"I sorM tte bloefcs fate e^la refioa. I vrote a ^serlptlaa af tlie blacks 
ia mok af re^oos f « 2, 3 aad 4.' 

REQUIREHENTS 




1. 
2. 
3. 
4. 





4 



I. 

2. 
3. 
4. 




4 
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1. 
2. 
3. 
4. 
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'I ssrt®^ tte pira«9 8«Msr^Bf to emk set &f r&^mrem&mti m&i drsv 




■| vrete IF-THEII ^Rtences for the cellectisRS 0ven t^t are TRUE, 
for emh TRUE stste^iit, i foan^ a piece that vosid make it F^LSE 
vhea added to the collectiaa.' 

PIECES GI¥EII TRUE STATEMEHTS PIECE TO MAKE GI¥ESi TRUE 

STATEMENT FALSE 
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1 1258 




Q|PAMtLY PAK WILSCirS CORN KING WILSOfTS OOHH KWG 

■e^PORK SKINLESS SLiCIO KLfiMEirrS FRe9 

WSTEAK FRANKS BACON BRATWURSl 

* ■ snvA. 



^:er|c;. 
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riattienialtcian: 

"I drew geisjsclcels for tlie lilocit sIbqwr." 



SPINNER TALLIES 



RED 


BLUE 


GREEN 









SPINNER BASE TEMPLATE 




Make the pointer from cardboard. Use a paper fastener 
and a snnall washer :dsten it to the center of the 
spinner base. 
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3.31 .89.3 







TALLIES 


TOTALS 




HEADS 






TAILS 






TOTALS 






Fraction of Heads 


50 







Fraction of Tails 50 
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Mothemoticion: - 

Tor each balance beam shown I found the weight needed to balance it 
or the distance the weights given had to be placed to balance it." 

BEAM WEIGHT NEEDED NUMBER AT WHICH 

TO PLACE WEIGHT 



E 



8 



2 112 



4 5 



8 



10 



t 



8 



III 



2 112 



4 5 



8 



10 



2 112 



4 5 



8 



9 10 



t 



5 I 4 [3 |2 fl JTJT 



8 



10 



t 



10 



EI 



2112 



4 3 



8 



10 



t 



10 



mil 



4 5 6 7 8 9 



t 





||t|6 |5 


4 


3 




3 


4 


S 


6 


7 


8 


9 


10 



t 
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hathematiclsn: 

"For each balance beam shown I found the weight needed to balance H 
or the distance the weights given had to be placed to balance it." 

BEAM WEIGHT NEEDED NUMBER AT WHICH 

TO PLACE WEIGHT 



10 


»l 


8 


7 


6 


S 


4 1 








2|3 


4 




* 


7 


8 


9 jfO 



t 



10 



8 



6 



5 4 S 2 1 12 



EE 



4 5 



6 7 



8 9 



fO 



t 



10|9 


8 


7 


6 


5 j 4 


3 


2 






5 


6 


7 


8 


9 10 



t 



[to 



2 I 



4 S 6 



8 9 10 



t 



10 


9 




7 


6 


5 


4 


3 


2il 


1 


2 


3 


4 


5 j6 


7 


• 




10 



0 



6 



2 |l I 1 I 2 



4 S 6 



8 



9 10 



t 



8 



4 3 



2 112 



4 5 6 



8 9 



10 



t 
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